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Electron spin-dependent chemical reactions in proteins, often discussed under the
‘radical-pair mechanism’, have been studied for decades and remain the leading
microscopic proposal for magnetic field sensing in biology. Yet the essential physics
is often obscured by the complexity of realistic models. In this work, we present
a physicist-friendly primer on the simplest radical-pair Hamiltonian that already
captures many of the mechanism’s best-known qualitative features. The contribution
of this work is fourfold. First, we place on record a complete analytical solution
of this toy model, which has previously been studied extensively, mostly through
numerical and partial analytical approaches. Working in the experimentally relevant
singlet-triplet basis, we derive closed-form expressions for the instantaneous
singlet population and for two related time-averaged singlet yields. Second, we
introduce a new interpretation of these results that makes several familiar features
of radical-pair physics transparent. In particular, we show that the dynamics admit a
bright-dark decomposition (in the sense of spin mixing), similar to structures widely
studied in atomic and optical physics, for example in electromagnetically-induced
transparency. Third, through this bright-dark perspective, we clarify experimentally
relevant features of the toy model. In particular, we show that the so-called ‘low-field
effect” arises from a coherence term between bright and dark sectors, and that the
special role of zero field is best understood as a phase-locking phenomenon rather
than merely as enhanced mixing. The same framework also makes it possible to
explicitly identify the ‘pathway that opens’, as per the chemists’ language, once a
nonzero field is applied. Fourth, we import methods from quantum magnetometry,
developed in the context of technological quantum sensing, to obtain further insight
into the model. This allows us to clarify the role of initial state preparation and
the trade-off between coherent phase accumulation and time-averaging penalties.
The resulting toy model serves both as an analytically tractable benchmark and as a
conceptual starting point for future work incorporating a true open quantum system
treatment, unequal singlet and triplet decay rates, and fully directional magnetic field
control.
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1. Introduction

How biological systems might sense weak magnetic fields remains one of the most intriguing
open questions at the interface of quantum physics, chemistry, and biology. Among the
proposed mechanisms, the radical-pair mechanism occupies a central position because it
naturally links coherent spin dynamics to chemically amplified observables. In this picture,
photoinduced charge separation, usually within a protein, creates a pair of electron spins
whose singlet-triplet interconversion is modulated by magnetic interactions; spin-selective
reaction channels then transduce that spin dynamics into a measurable chemical or
photophysical signal. Despite the apparent simplicity of this idea, the radical-pair literature
often mixes together several distinct ingredients — coherent Hamiltonian evolution, spin-
selective recombination, orientational anisotropy, and effective observables such as singlet

yields — in ways that can make the underlying physics harder to isolate than necessary.

The goal of the present work is to develop a physicist-friendly primer on the simplest
radical-pair Hamiltonian that already reproduces many of the best-known qualitative features
of the mechanism. We consider two electron spins, one effectively free and one hyperfine-
coupled to a single nuclear spin, in a constant external magnetic field. We restrict our
attention to an isotropic hyperfine interaction and neglect decoherence, recombination,
and most of the nuclear dynamics, so that the problem can be solved analytically in closed
form. This minimal setting is not intended to be chemically complete, nor can it account for
some interesting features of the radical-pair dynamics such as directional magnetosensitivity.
Its value lies instead in providing a fully solvable benchmark in which the coherent spin
physics can be exposed as transparently as possible. To help achieve that, all of the main
calculations can be followed along, step by step, using the accompanying SymPy code, which

allows the reader to explore the exact expressions and their limiting cases interactively.

Within this toy model, several familiar radical-pair characteristics can already be analyzed
neatly. The singlet population can be obtained exactly as a function of time and field
strength for a wide class of initial electron spin states, including generic incoherent mixtures
in the singlet-triplet basis. In addition to the instantaneous singlet signal, we also obtain

closed-form expressions for two commonly used observables obtained by post-processing
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the coherent dynamics: a finite-time average of the singlet population and a lifetime-
weighted singlet yield. These signals are not equivalent to incorporating Haberkorn-
type recombination directly into the dynamics, but they provide analytically tractable proxies

that already display rich magnetic field dependence.

Significantly, we recognize that the Hamiltonian admits a bright-dark decomposition,
reminiscent of electromagnetically-induced transparency, in which one sector (‘bright’)
actively participates in oscillatory spin mixing while another is symmetry-protected from it
(‘dark’). This decomposition clarifies that all the experimentally relevant signals contain three
qualitatively distinct pieces: a dark-sector contribution, a bright-sector contribution, and
a bright-dark coherence term. This bright-dark framework also provides a clean physical
interpretation for the so-called ‘low-field effect’, which in the present model is traced to
the survival of a coherence contribution that becomes phase-locked at exactly zero field.
Relatedly, the same framework makes it possible to identify precisely which population-
transfer pathways are modified as the external field is increased from 0 to 07, thereby giving
a concrete physics meaning to the literature’s descriptions of ‘enhanced spin mixing at low

field” or of a ‘pathway opening’ once a nonzero field is applied.

A further aim of this work is to connect the same solvable Hamiltonian to simple questions
in quantum sensing. The magnetometric sensitivities of the two considered singlet yields
can be obtained in closed form. One of the central simplifications that emerges is that
the sensitivities for a generic mixed initial state depend not on the four initial populations
independently, but only on two particular combinations of them. The bright-dark framework
clarifies that an optimal magnetometric state is one that balances dark-state phase memory

against bright-state readout.

The paper is organized as follows. We begin by defining the minimal Hamiltonian (Section 2)
and solving it analytically in the experimentally relevant singlet-triplet basis (Section 3). We
then analyze the resulting coherent singlet dynamics, develop the bright-dark interpretation
(Section 4), and derive closed expressions for the finite-time average and lifetime-weighted

singlet yields (Section 5). We study finite-bias sensitivities for the singlet yield signals, and
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the dependence of magnetometric performance on the initial spin state (Section 6). Short
take-home messages are presented at the end of each main section. An extended discussion
of each main section is provided in its corresponding supplementary section. We close by
summarizing the main physical lessons of the toy model and outlining the natural next steps
(Sections 7 and 8): incorporating full open quantum system dynamics with distinct singlet and
triplet recombination rates, and extending the field control beyond a single scalar Larmor
frequency to explicit longitudinal and transversal components, thereby enabling the study
of directional control and more realistic sensing protocols. Finally, we point readers to the
notation table in Supplementary Section Sl1, which summarizes the most important symbolic

parameters used throughout the text for convenience.
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2. Hamiltonian definitfion

The simplest Hamiltonian that reproduces the most well-studied and recognized spin and

photophysics features of the radical pair mechanism [1-3] describes a system in which:

two spin-% electrons, which need not have any direct interaction (e.g., exchange or dipolar)

between them, are left to evolve in time;

the first electron spin is assumed to be essentially ‘free’, being only subject to the action
of a constant external magnetic field of strength B via the Zeeman interaction, with a

corresponding Larmor frequency w;

the second electron spin is assumed to be isotropically hyperfine-coupled (with strength
a > 0) to one spin—% nucleus, and is therefore influenced both by the external magnetic field

and by the magnetic field produced by the nearby nucleus;

as will be shown explicitly in Supplementary Subsection S13.6, the electron spin states exhibit
a degree of spin initialization; the term “spin initialization’ is purposely used here by analogy
with one of the DiVincenzo criteria for quantum computation, namely qubit initialization [4].
We restrict attention to initial electron spin states that are generic incoherent mixtures,

excluding coherent superpositions;

there is no loss or decoherence.

Assuming the magnetic field Bis along the z direction, this minimal 3-spin Hamiltonian is

thus of the following form:

A ~ ~ ~

H=w(S,14S.0)+S8,-A-T, (1)

where: the Larmor frequency of the electrons is given by w = “'g‘B, with p the Bohr

magneton and g the electron g-factor, the latter assumed to be the same for both electrons;

the electron spin operators S, along » are given by 52,1', for i = {1,2}; the nuclear spin
operator is given by I; and the hyperfine tensor is given by A = a - 13, where 15 is the 3 x 3
identity matrix. For simplicity, we neglect the small contribution of nuclear spin dynamics
(for example, nuclear Zeeman interactions). Moreover, at room temperature, the nuclear

spin population is assumed to be well-described by an incoherent, approximately equal
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mixture of spin states.

All the symbolic calculations for the Hamiltonian can be followed along using the
accompanying SymPy code Hamiltonian_ SymPy.py. The step-by-step derivation of this
Hamiltonian is found in Supplementary Section Sli2. Without loss of generality, we set h = 1,

so that energies are expressed in angular frequency units.

The radical pair mechanism can be probed through an experimentally relevant quantity (e.g.,
fluorescence or chemical product yield) that is effectively a proxy for the decayed population
into the electron spin singlet state (equivalently, into the electron spin triplet states manifold),
regardless of the final nuclear spin state. We are not aware of conventional radical-pair
reactions in which the products associated with the individual triplet sublevels can be
readily distinguished as different stable chemical species. For nuclear spins, however, this
statement requires qualification: in chemically-induced dynamic nuclear polarization [5],
different nuclear spin states can influence reaction pathways and produce detectable
nonequilibrium nuclear spin populations in the products, even though the products are

not usually distinct chemical species solely by virtue of their nuclear spin state.

Hence, the experimentally relevant (and accessible) basis for the Hamiltonian in question is

composed of the following eight states:

{‘S>’|T0>7|T+>7|T—>}®{|T>v|¢>} ) (2)

where: the electron spins can be in a singlet |S) or in any one of the triplet {|1y), |T%), |1-)}
states; and the nuclear spin can be ‘up’ or ‘down’ given an arbitrary quantization direction

(here, along z in the lab frame).

Solving for the energies in the above basis yields the equivalent diagrams of Figs. 1 and
2, depicting regimes in which the externally applied magnetic field is, respectively, much

smaller or much larger than the considered hyperfine interaction strength.

In turn, solving for the couplings in the above basis results in the diagram of Fig. 3.
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In the next section, we solve the dynamics generated by this Hamiltonian.
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Fig. 1: Energy level diagram (diagonal terms of the Hamiltonian # of Eq. (1)) in the low external
magnetic field regime (w < a/4; typically, e.g., geomagnetic conditions). Quantum states are
labeled in the basis |electron spins) ® |nuclear spin). The exact Zeeman splitting between the |T_)
and |T';) manifolds is 2w; this term does not dominate the energy structure and is a perturbation on
top of the hyperfine coupling a. The hyperfine coupling a dominates the energy structure, creating
a clear separation between nuclear spin manifolds.
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Fig. 2: Energy level diagram (diagonal terms of the Hamiltonian # of Eq. (1)) in the high external
magnetic field regime (w > a/4). Quantum states are labeled in the basis |electron spins) ®
[nuclear spin). The exact Zeeman splitting between the |T_) and |7);) manifolds is 2w; this term
dominates the energy structure.
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Fig. 3: Couplings diagram (off-diagonal terms of the Hamiltonian # of Eq. (1)) for a minimal isotropic
hyperfine tensor of strength a. This toy model will be analytically solved. Quantum states are
labeled in the basis |electron spins) ® |nuclear spin). States |T) ® |1) and |T-) ® ||) are completely
decoupled. The independent subspaces {|S) ® [1),|To) @ [1),|T4) @ |4)} and {|S) ® |]), |To) ®
1), |T-) ® |1)} are completely symmetric in their coupling strengths.
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Take-home messages

1. This toy model for the radical pair mechanism assumes two spin—% electrons, one of

which is free, whereas the other is hyperfine-coupled to one spin—% nucleus. The
electrons otherwise do not interact among themselves. The hyperfine interaction is
assumed to be isotropic with strength a. An external DC magnetic field is applied,
yielding Larmor frequency w. Most of the nuclear dynamics is neglected. There is no

decoherence.

2. We will analytically solve the Hamiltonian in an experimentally relevant basis, namely
{19),1T0), |T),|T-)} @ {|1), |4)}, where: the electron spins can be in a singlet |.S) or
in any one of the triplet {|1;), |1} ), |T-)} states; and the nuclear spin can be ‘up” or

‘down’.

5. Energies in this basis are shown in Figs. 1 and 2, which are equivalent. The ratio ©
determines which term dominates the energy structure: the hyperfine interaction or

the external field.

4. Couplings in this basis are shown in Fig. 3. Of the eight states, two are completely
decoupled from the dynamics, while the remaining six split into two subspaces with

symmetric coupling structure.
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3. Solution for the singlet population and for the density matrix

Given the couplings of Fig. 3, we first note that the |T.) ® |1) and the |7_) ® ||) states are
individually decoupled from any other state; their dynamics are thus trivial: any initial spin
population in those states stays trapped in them. Secondly, we note that the subspaces
{1S) @ [1),|To) @ [1),|T+) ® |1)} (corresponding to m; = 3 in the notation of [6-8]) and
{1S) @ [1),|To) @ [4) ,|T-) @ [1)} (corresponding to m; = —3) are each decoupled from the
rest of the Hilbert space and are related by a simple symmetry. In particular, the second
subspace is obtained from the first by a nuclear spin flip, the swap |T.) — |T_), and the
sigh change w — —w. It is therefore sufficient to calculate the dynamics of only one of
the two three-state subspaces, for instance {|S) @ |1}, |To) @ |1),|T+) ® |)}. We show
explicitly in Supplementary Subsection S13.1 how the results obtained for this subspace can
be repurposed to describe both the dynamics of the second subspace and those of the full
eight-state system. In the following, for simplicity, we drop the nuclear spin state ket in the

description of the quantum state.
All the symbolic calculations for the time evolution of one of the three-state
subspaces can be followed along using the accompanying SymPy code

SingletPopulationEvolution_SymPy.py.

In the first subspace, we can define the basis vectors:

1 0 0
Sy=1o|, |To=|1|, ITy=|o], (3)
0 0 1
and their corresponding Hamiltonian:
0 % e
Hi=| -5 0 ﬁi (4)
e R

Because H; is symmetric under the exchange of the labels |S) and |7}) (i.e., in the way |T7)
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sees them), we can define a symmetric basis:

_ [T - 15)

D) N

7)) . (5)

Conversely,
|B) — |D) |B) +1D)

\/§ ) ’T0> = \/§

In this new {|D) . |B),|T)} basis, the Hamiltonian becomes:

1S = (6)

0

jan}

Ho (7)

=
SIS

I
o O wie

a a
2 s tw

Note that |D) does not couple to either |B) or |T).). In physics jargon (especially that
inspired by the field of electromagnetically-induced transparency [7], see Supplementary
Subsection Sl4.1), this means that | D) is a ‘dark’ state: destructive interference removes |D)

from the dynamics. More precisely,

D) is dark to spin mixing. To the best of our knowledge,
only one previous work [10] explicitly makes a similar decomposition and analysis in the

context of radical pairs. Put simply, state | D) evolves as:
|D(t)) = 7% |D(0)) . (8)

Throughout, the notation | X (¢)) is used as shorthand for the component of a quantum
state [1(t)) along |X), i.e., | X(1)) = [X)(X[¢(t)). Accordingly, [|X(8))* = (& ()| X)(X[(t)
denotes the population in state | X') at time ¢; and pxy (t) = (X|p(t)|Y) denotes the density

matrix element between states | X) and |Y) at time ¢ (a coherence, for | X) # |Y)).

The remaining Hamiltonian for the {|B), |T)} subspace is then:

_a ] a 0 ¢ a
Hg = 1 2 = ——12 + 2 = ——]12 + H4, (9)
Pooie ! 3w !

where 1, is the 2 x 2 identity matrix. Note that the term proportional to 1, does not alter the

dynamics of {|B) , |7, ) }, only shifting their energy zero; it does, however, contribute a global
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phase e ™% which will need to be taken into account. This phase becomes physically relevant
when this block is recombined with the dark state |D): it then enters as a relative phase in
|S) = %, and we will argue shortly that our experimental observable is a function of
|5(2))-

In the absence of decoherence, and using

1 0
‘B> = ) ’T—F) = ) (10)
0 1
the dynamics of {|B) , |7 )} are given by:
B(t) = ettt . M, B(0) (1)
T4 (t) 74(0)

where the exact expression for the exponentiation of H, is given below:

e~ 3 [ Qcos(f) + iwsin(6) —ia sin(0)
Q —ia sin(6) Qcos(#) — iwsin(0)

e—it?—l4 —

, (12)

where we defined Q = va2 +w2and 6 = (%)

We previously claimed that, experimentally, observables in this type of spin-dependent
chemical reactions are a proxy for the electron spin population projected into the singlet
state (or in all of the triplet states). Here, decoherence is neglected, and the population in
the singlet state as a function of time, ||S())|*, is analytically calculated below for a generic

incoherent initial electron spin state; ||S(¢))|” is thus referred to as our ‘signal’.

The signal ||S(¢))|* will be a function of the initial populations in the {|S) , |Tp), |T})} states.
If the initial spin population has a nonzero |7"_) component, then, depending on the nuclear
spin state, that fraction may either remain indefinitely trapped in the uncoupled state
|T_)®|]) or participate in the dynamics of the subspace {|S)®|!]), |To)® L), |T-)@]|1)}. With

a nonzero |T__) component, the expressions presented for ||S(t))|* will need to be scaled by
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an appropriate factor.

As previously mentioned, the singlet population dynamics for the second, not explicitly
considered three-state subspace are obtained from the results presented in the following
pages by making the replacements |T',) — |T) and w — —w (plus a nuclear spin flip; other
dynamics of the nuclear spin are being neglected); details can be found in Supplementary

Subsection Sl3.1.

Predicting the distribution of initial electron spin states in a protein that supports spin-
dependent chemical reactions is often challenging [11]. Whether a radical pair is formed in a
singlet or triplet state is best understood as the outcome of a kinetic competition between
electron transfer and intersystem crossing; this competition may be further complicated
by other factors, such as spin relaxation rates and symmetry conservation arguments. As a
rule of thumb, if electron transfer occurs directly from an excited singlet precursor before
intersystem crossing takes place, the radical pair is typically singlet-born; if intersystem
crossing to a triplet state is faster, the radical pair is typically triplet-born. Even in the latter
case, however, the distribution among the triplet sublevels is not straightforward to predict.
We therefore base all calculations here on a generic incoherent mixture of the four possible

initial spin states.

Hence, the signal resulting from the true eight-level dynamics, for a generic incoherent
mixture of spins starting in o |7T.), 5 |T0), v|T-), and (1 — o — 3 — ) |S), and a maximal

incoherent mixture of initial nuclear spin states, is in reality given by

\ 2
HS(YL»‘ a|Ty), BITo), v T-), —

2
1S(t, W)>’100%|T+> @i=0 T35 HS( )>‘100%|T+> @ t=0
(1—a—B—7)|S) @ t=0

(1150 ooz @ e + 115 =) sy @ 10 )

a—p—n
LD (1150, sy @ o + 1S~ s @110 )
(13)

o
2
WP
2
L=

To distinguish the signal derived for the considered three-state subspace, ||S(t))|*, from the

S(1))|°, we represent the latter in blue and underlined.
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The full signal is:

. 9 B l—a—7v a 2
B B
(1—a—=p—=7)—p5) at wt wo. . [ wt
+ 5 cos| 5 cos(f) cos 5 + O sin(6) sin 5 :

(14)

In many formulas henceforth, a useful structural simplification will emerge: many expressions
depend only on three combinations of the initial populations, rather than on the four
populations separately. In particular, they often depend on the total initial population in
the {|5),|Ty)} sector,

Y=(l-a-0—7)+p8)=1-a—1, (15)

and on the initial population imbalance within that sector,

A=((1-a—-B-7)—0). (16)

To parametrize the full problem, it is then convenient to introduce a third variable measuring

the imbalance between the polarized triplet states,

(=a—1. (17)

We will therefore also present our results in terms of the three parameters %, A, and (.

In the new parametrization, the full signal is:

~ 2
156 Pagzy, iy, oy, =
(1—a—p—)|S) @ t=0

2
2
A y . . (18)
a w w . . fw
+ 5005(;) {cos(@) cos(;) + ﬁsm(e) sin (7)] :

Note that: the first term is DC; the second term oscillates with 2; and the third term has a

multifrequency content with components W
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In the absence of a magnetic field (w — 0),

: S+A [(S+A 1 at\’
i S0 BRSPS ()
w=0 IS¢ >‘(1;1(,\)fig)\%s‘>“@j 120 2 2 4 2
and, for very large magnetic fields (w — oc),
. . » Y+A _(at\?
lim H5</f)>fzu\r,>.;ﬂT(,M\T,;. = — Assin (—) : (20)
W—roo (1—a—B—7)|S) @ t=0 2 4

Comparing the two limiting expressions reveals that the magnetic field changes both the
effective oscillation timescale and the part of the initial state that controls the signal. In the
zero-field limit, the singlet population oscillates as sin (%t)2 whereas in the large-field limit
it oscillates as sin (%)2, so the dynamics become slower by a factor of 2 at high field. Such a
slower dynamics at high field will reappear several times; we offer an explanation for it later
in the text. Moreover, the two considered limits probe different population imbalances. For
w — 0, the oscillation amplitude is set by (% — }L) that is, by the deviation of the initial
singlet population from the equal-sharing value i; in this sense the zero-field dynamics
depend only on the total singlet weight and not on how the population in the three triplets
is distributed internally. In turn, for w — oo the oscillation amplitude is A, so the signal is
controlled specifically by the imbalance between the initial |S) and |7;) populations, while
|T'y) effectively decouple due to the large Zeeman splitting. Thus the field drives a crossover
from collective singlet-triplet mixing at low field to an effective |S) <> |T) problem at high

field.

The signal can be artificially time-averaged; the assumption is that we perform an average

for t — oo, which is equivalent to letting terms in sin(-) — 0 and terms in sin(-)> — st

yields:
2 142X +2A
{IS@)l. Ty), BTo), 1T-), 1—a—p—7)|5) @ f:<,>>t—>°° - 8 w=0; 21
Y (1+2X%)a? + 43w?
(1SN, T, BITo), 4|T-), (1—a—B—~)|S) @ o) t—s00 = 302 , w#0; (22)
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Note that this long-time average of the signal is discontinuous between w = 0 and w = 07 by
a quantity %. Mathematically, this discontinuity is due to the fact that the limits w — 0 and
t — oo do not commute; this is true in a class of problems where the w — 0 limit turns an
oscillatory term into a non-oscillatory one, so the long-time operation ‘sees” a DC piece only
at exactly zero frequency. This will become explicit in Eq. (40) of Section 4. With any finite
reaction lifetime, dephasing, or finite observation window (see Section 5), that discontinuity

is washed away.

Also, the time-averaged signal, for w # 0, depends only on the total initial populations in
the {|S),|To)} manifold. |S) and |T;) are the two states that mix directly in the considered
dynamics since they have the same energy. In other words, the long-time average for w # 0
‘forgets’ the distinction between them. In contrast, the long-time average at exactly w = 0
‘remembers’ the imbalance between |S) and |7;) because the zero-field triplet degeneracy

leaves behind a DC contribution of % that survives this average.

For high fields, we find lim, .|

QU 2 >
b</)> ‘(\"]4}‘ B|To), v|T-), (1—a—B—7)|S) @ 7‘:()>t—>00 = 2

reflecting the fact that, in the absence of decoherence, the fractions initially in |7, ) and
|T_) are effectively trapped by the large Zeeman splitting, whereas the remaining fraction ¥,
initially in the {|S) , |Ty)} manifold, continues to oscillate coherently between |S) and |Tj).
Since the long-time singlet population average of that coherent |S) < |T;) oscillation is 3,
the overall high-field time-averaged signal is indeed % = % In other words, the high-field

plateau level only depends on the total initial weight in the {|S) ,|7,)} manifold.

All the generic terms derived above have been checked against the particular initial spin
states studied in Supplementary Subsections SI3.2 through S13.6, namely: pure in |T));
pure in |T;); equiprobable for all triplets, with no population weight in |S); pure in |S); and
equiprobable for all four states. The results are self-consistent. The complete signal, as well
as its low- and high-field limits, are reported in Table | for these particular cases. Note that

all signals are even in w, and reduce smoothly fromw =0tow = 0".

One note about the fifth data row in Table |, for an equiprobable initial spin polarization (i.e.,
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a=p0=v= }l): note that the signal is constant. In this model, thus, no magnetic field
sensing arises in the absence of some degree of initial spin polarization. An equiprobable
(maximal-mixture) initial electron spin state does not give rise to modulation of the singlet

population as a function of time.

In Fig. 4, we plot the dynamics of the four nontrivial initial states using the dimensionless
variables at and ¢. This choice is natural because both a and w have units of angular
frequency, so 2 measures the external field strength relative to the hyperfine coupling,
while at rescales time by the intrinsic hyperfine timescale i With this rescaling, the signal
depends only on dimensionless combinations of the parameters, e.g., Qt = (at)\/T(f)?.
Thus a sets the “internal clock” of the dynamics and is the natural field scale of the problem.
Although the dynamics display a rich multi-frequency dependence on w, the corresponding
plots are visually busy and therefore are more useful as a compact overview of the parameter
dependence than as a transparent guide to the underlying mechanisms. What is nevertheless
visible is the smooth crossover from the low-field regime to the high-field regime, together
with the progressive slowing down of the oscillations at large 2. The initial |T;) and initial |S)
cases are governed by the same characteristic scales and therefore exhibit similar patterning
in the (2, at) plane; they differ by the sign with which the A-controlled term enters on top
of a common background, see Suppl. Egs. (S 25) and (S| 37). The initially polarized |T’,) case
remains comparatively featureless because the polarized triplet states become effectively
decoupled at high field. On a separate note, we will be able to confirm with the example
of Fig. 12 of Section 5 that, for a time parameter value of at ~ 100, results are already very

close to those of a proper long-time average t — oc.
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initial state signal ||S(1))]” lim,,_0 |[S(1))] lim,, o0 [|S(1))]
100% |T',) Suppl. Eq. (51 15) Lsin(2)’ 0
100% |Tp) Suppl. Eq. (SI 25) Lllsin(%t)2 sm(af)2
Ty, $1To). [T) Suppl. Eq. (S 31) Lsin(2)’ Lsin(2)?
100% |S) Suppl. Eq. (SI 37) 1 — 2sin(%2)’ 1 —sin(%)”
T, 11T, 172, 11S) i i i
alTy), BITo), vIT-), (L—a— B —~)|S) Eqg. (18) 28 _ (22 — L) sin (%f)2 22 — Assin (%)2

Table I: Signal (time-evolution of the singlet population) for the full eight-level system dynamics
and its low- and high-magnetic field limits, expressed for different initial spin polarizations. All
results are self-consistent. Closed expressions can be found in the accompanying SymPy code. The
initial spin states appear in the signals only via two parameters, > and A, which measure the total
initial weight in the {|S),|Ty)} sector, and the initial difference between the populations in these
states. All signals are smoothly continuous for w going from 0 to 0.
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Fig. 4: Density plot of the signal (time-evolution of the singlet population), expressed for different
initial spin polarizations. The signal is plotted as a function of the dimensionless parameters at and 2,
shown for four representative initial states: pure |T'.), pure |Ty), an equiprobable triplet mixture with
no singlet population, and pure |S). The axes are shown in dimensionless form: at is time measured in
units of the hyperfine timescale % while 2 measures the Larmor frequency relative to the hyperfine
coupling strength. The plots illustrate the rich multi-frequency structure of the dynamics across field
strength, while also showing the smooth crossover from the low-field to the high-field regime and
the progressive slowing down of the oscillations as ¢ increases. The plot for an initial |7,.) has fewer
features because |T.) decouples at high field.
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In Table I, we present the long-time averaged signals. Note the discontinuity from w = 0 to

w = 0% when the initial |S) and |T;) populations are unequal (i.e., when A # 0).

Fig. 5 shows the long-time average of the signal as a function of the dimensionless field
strength « for the same representative initial spin states considered in Fig. 4. In contrast
to the instantaneous dynamics, the long-time average suppresses the oscillatory multi-
frequency structure and isolates the persistent population background. For any nonzero
field, this average depends only on ¥, the total initial population in the {|S) , |7,)} manifold,
and not on A, the imbalance between |S) and |T;). As a result, the initially pure |S) and
initially pure |T,) cases become identical for all w # 0, even though their instantaneous
signals differ. The curves then interpolate smoothly toward their high-field plateaus. At
exactly w = 0, however, the long-time average can retain a memory of A, producing the

singular zero-field behavior discussed above for all cases with A # 0.
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initial state (15()) ) ee0 fOr w = 0/w # 0/w — 0o
100% |T",) 1/ /0
100% ’T > l/3a2+4w2/l
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31t+/r 3140/ 314 8/ 2407 /§
100% |S) 8/ e

}L|T+>7 %"TO% };’T*% %"S> }Ll %E}LQ T
a|Ty), BITo), yIT2), (1—a—B—1)|S) e

Table Il: Long-time signal average for the full eight-level system dynamics and its low- and
high-magnetic field limits, expressed for different initial spin polarizations. All results are
self-consistent. The model assumes no decoherence, so the average is for t — oo. The initial spin
states appear in the signals only via two parameters, 3 and A, which measure the total initial weight in
the {|5),|Tv)} sector, and the initial difference between the populations in these states. Long-time
averaged signals are discontinuous for w going from 0 to 0" if A # 0.

long-time
signal average
5
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Fig. 5: Long-time signal average expressed for different initial spin polarizations, as a function
of field strength. The signal is plotted as a function of the dimensionless parameter ¢, for four
representative initial states: pure |S), pure |Ty), an equiprobable triplet mixture with no singlet
population, and pure |T). Unlike the instantaneous dynamics of Fig. 4, the long-time average
removes the oscillatory structure and reveals the persistent population background. For any w # 0,
the average depends only on ¥, the total initial weight in the {|S),|7,)} manifold, so the pure |S)
and pure |Tj) cases coincide. The curves approach the high-field plateau values X /2. A discontinuity
arises for cases with A # 0.
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For completeness, we give here the signals (i.e., the population dynamics) for all the electron

spin states, as well as the nonzero coherences for the full 8 x 8 density matrix.

The signals are:

|\Tu<f)>|2uu;>.«3\1‘(,7_7,\1;). =
(1—a—B—)[S) @ t=0

=
2

—écos at cos(0) cos wt +£sin(0)sin wt (23)
2 2 2 Q 2 ’

‘ 1-—3 4+ 25 —1—0)a? .

T (O Parry ity ey, = CL B0 Gy (22)
(1—a—B—)|S) @ t=0 2 4Q
N 1->— 2Y — 1+ a? .

T () Pt sty o ¢4l % Gin(9) . (25)

- 2
(I1—a—B—7)|S) @ t=0 2 4Q

Note that ||S (1)) + [|70(0)))” + |7 (¢))|" + ||T(1))” = 1 for any t, as expected. In addition,

all full signal expressions are smoothly continuous for w going from 0 to 0*. Note also that the
|S) and |1;) signals differ in sign only in their last term, which we will argue in Section 4 comes
from a bright-dark coherence term; its strength is proportional to the initial population

imbalance between |S) and |T;), A.

As previously, we might take the limits w — 0, w — oo for all the signals — the results
are displayed in Table Ill. Here, the main message is that the magnetic field changes both
the active subspace and the dynamics oscillation timescale (as previously, the oscillation
period doubles at high fields). In the zero-field limit, all four populations participate in the
dynamics. The oscillation amplitudes of the |S) and |7}) signals are set by the deviation of
their initial populations from the equal-sharing value }L. On the other hand, for ¢ # 0, the
oscillation amplitudes of the |T%) signals are not determined solely by their own deviation
from the equal-sharing value }l. Rather, they contain an additional correction proportional
to the initial population asymmetry in |T',) and |T"), (. Physically, this reflects the fact that
at zero field the two states belong to the same degenerate triplet manifold, so the oscillation
of each |T'.) population depends not only on its own initial weight, but also on how the total
|T'.) weight is distributed between the two channels. In the special case o = v, i.e., ( = 0,
1

the oscillating amplitudes of the |T%) signals do reduce to their deviation from ;. In the
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high-field limit the dynamics collapse to an effective |S) <> |T,) problem as expected.

Results for the long-time averaged signals are found in Table |V. This averaging removes much
of the detailed dynamical information and exposes which initial imbalances are truly retained.
A discontinuity at zero field is present for the signals ||5(1))|” and ||7,(1))|” whenever A # 0:
for w = 0, these signals still depend on the initial imbalance A. However, for any nonzero
field this dependence disappears from their long-time averages, making the zero-field point
singular. In the high-field limit one finds them equally sharing the population on average.
The ||7°.(1))|” averages continue to retain memory of the initial asymmetry through ¢, so no

discontinuities arise.
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signal lim,,_.q signal lim,_, . signal
‘ (f)>’(\\T+> B|To), v|T-), (1—a—B—~)|S) @ t=0 % - (% - 711) sin (%)2 % — Asin (%)2
I To ()12, BITo), IT-), (1—a—B—7)|S) @ t=0 =55 - (552 — 1) sin (%t)? =5% + Asin (%)2
|| 7% (t) \”/ ), BIT0), YIT-), (1—a—B—~)|S) @ t=0 S (B sin (%)2 =
HT (t >>\“/ ), BITo), v|T-), (1—a—B—7)|S) @ t=0 = g : + (22 1+C) sin (%)2 1—§—g

Table IlI: Signal (time-evolution of the population) for the full eight-level system dynamics and
its low- and high-magnetic field limits, expressed for different spin observables. All results are
self-consistent. Closed expressions can be found in the accompanying SymPy code. The initial spin
states appear in the signals via three parameters: > and A, which measure the total initial weight in
the {|S),|To) } sector, and the initial difference between the populations in these states; and ¢, which
measures the |77 ) initial population imbalance. All signals are smoothly continuous for w going from
0to 0.

signal long-time signal average for w = 0/w # 0/w — c©
| S<YL)>|(1‘I ), BITo), A|T-), (1—a—B—)|S) @ t=0 1+22+2A / 1+228;2+4Z“ /E
o (D ey, i, i1, (1-a—5-2)15) @ =0 1“2 28/ (izR)e MBS ) %
|| T(t) >\(\‘T BT, AT, (1—ar—far)|S) @ £=0 3—22+3§ / - 2+§ e 8;224)61 = §+g
IT_ @2z, 810y, 417y, (1—aB)IS) @ t=0 3 22 IS e ST e

Table IV: Long-time signal average for the full eight-level system dynamics and its low- and
high-magnetic field limits, expressed for different spin observables. All results are self-consistent.
Closed expressions can be found in the accompanying SymPy code. The model assumes no
decoherence, so the average is for t — oo. The initial spin states appear in the curves via three
parameters: ¥ and A, which measure the total initial weight in the {|S) , |T)} sector, and the initial
difference between the populations in these states; and ¢, which measures the |7’ ) initial population
imbalance. ) and |Ty), but not the |T), observables are
discontinuous for w going from 0 to 0 if A # 0.
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We now turn to the calculation of the coherence terms. These are useful because they
reveal the mechanism behind the population signals: they show which states are actually
connected by the Hamiltonian, make the bright-dark interference structure explicit (see

Section 4), and identify which terms are responsible for the magnetic field dependence.

The nonzero coherences are, for the first subspace sector of the full 8 x 8 density matrix:

pst, (t) = — %(22 —1—¢)sin(6)”

- TA {cos(&) sin ((a — w)t>

sin(0) Asm( ket

Rl a

~

sin(6) cos((a ;w)t)] : (26)

) (22 —-1-C) sin(@)_

VZJIE

ZDIE

()= —r
PST, = 4\/59

204
+ ———sin(0 A cos
4\/§Q <) (

) (2 —1—¢)cos(d)| , (27)

prory () = \/_Q sin(0 ) Assin (22 —1—¢)sin(9)
+ 4\;%9 sin(6) _ Acos( a 2w)t) + (22 -1-¢) cos(@): ; (28)

and for the second subspace sector of the full 8 x 8 density matrix:

2

psto(t) = 5 (25 — 1+ Q) sin(6)°
4 % [cos(@) sin ((a zw)t) ~ 2 sin(0) cos((a zw)t)} , 29)
po. ()= = 1754000 | asin( ) 4 S - 1 g sin)
_ 4\/_Qsm( ) Acos<(“zw>t> Y140 cos(&): L (30
pror (1) = \[Q sin(6) :—A sin((“ 2“)t> FoEE-140) sin(@):
4\/_ sin(6) }Acos(w%w)t) + (22 -1+ 005(9): : (31)

All coherences are smoothly continuous for w going from 0 to 0*.

The last term of the coherence pgsr, (t) will be shown in Section 4 to be a signature of the
bright-dark recombination |B)  |S) + |1v), |D)  |To) — |S).
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A note on the real and imaginary parts of the coherences. We show in Supplementary
Subsection SI3.7 that, for two coupled states, population transfer is controlled by the
imaginary part of the corresponding coherence; thus, for example, Im(psr,(t)) is the
component associated with back-and-forth population exchange between |S) and |Tj).
By contrast, the real part of the coherence describes phase correlation between the two

amplitudes without, by itself, representing an instantaneous population current.

Generally, we can thus see that population transfer between |S) and |T;) only occurs
for A # 0; and that population transfer between |S) and |7.) depend on both A # 0
and (2X — 1 F(¢) # 0. Notethat A+ (2X -1—-¢) = (1 —a -8 —v) — «) and
A+ (25 —-14¢ = ((1 —a—p —7) — ) — in other words, the population transfer
|S) <> |T,,) vanishes if |S) and |T,,), for m = {0,+, —}, are initially equally populated. The
same is valid for coherences linking two triplet states. Hence, the instantaneous population
transfer in a given coherence channel vanishes when the two states involved are initially

equally populated, as expected for incoherent initial states.

Restricting attention to the first three-state subspace, the relevant population transfer
channels between the singlet and triplet manifolds are governed by the imaginary parts

of the corresponding coherences. From Egs. (26) and (27), these are

Im(psr, (t)) = A8 {cos(@) sin<(a ;w)t) + %sin(@) cos<(a ;w)t)} : (32)

4
and
a (a —w)t L
Im(psr, (t)) = 130 sin(0) [A cos( 5 ) +(2X-1-) cos(@)] . (33)
At exactly zero field, these reduce to
A

Im(pst, (1)) = 3 sin(at) (34)

and

2X+A-1-¢) .

Im(psr, (t)) = (2% + o ) sin(at) , (35)
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so both channels already have generically nonzero O(1) contributions to the population
transfer at w = 0. In particular, at zero field |S) « |Ty) transfer is present whenever
A # 0, while |S) < |T) transfer is present whenever (2X + A — 1 — () # 0; note that
2X4+A—-1-¢) =2((1—-a—p—7)— «)is proportional to the difference between the
initial populations in |S) and |7). Thus, in physics parlance, no new Hamiltonian pathway
appears when going from w = 0 to w = 0": the |S) < |T,) and |S) < |T}) channels are

already dynamically active at zero field. However, for w # 0, an additional term

Aw . (a —w)t
~7a sin(6) cos<T) (36)

appears only in Im(pgsr, (t)). It vanishes identically at w = 0 and is linear in w for small fields.
There is no analogous additive term in Im(pgsz, (t)); Im(psr, (t))'s field dependence enters
only through the replacement Q = /a2 + w?, the mixing angle § = % and the phase shift
in cos (@) Thus, while Im(pgsr, (t)) is also modified at small nonzero field, its change
arises from perturbing a term already present at w = 0, rather than from the appearance of a
new, explicitly ‘field-activated’ contribution. In this precise sense, the chemistry literature’s
statement that a ‘pathway opens’ at low field is best understood not as the appearance of a
new coupling, but as the emergence in Im(psz, (t)) of a distinct additive term oc w + O(w?),

which singles out the |S) < |T) coherence once the exact triplet degeneracy is lifted.

Note that a small nonzero field can generate nonzero imaginary parts in coherence channels
that vanish at exactly zero field for specially chosen initial populations, but this should
not be interpreted as the opening of a new Hamiltonian pathway. Rather, it reflects the
lifting of a zero-field cancellation that depends on state preparation, while the underlying
coupling network remains unchanged. An example of such a particular case is developed in

Supplementary Subsection SI3.8.

The limits w — 0 and w — oo of all coherences are given in Table V. The first and last three
rows correspond to the first and second subspaces, respectively. This table sharpens the
distinction between the two field regimes. In the zero-field limit, coherences are generically
nonzero and contain both real and imaginary parts. The imaginary parts indicate ongoing

coherent population exchange among the three states within a given subspace, while the real
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parts show that the dynamics also retain nontrivial interference between amplitudes. For
high fields, there is only population transfer between |S) < |T5), as expected; the dynamics
reduces to that of an effective two-level resonant system: the |7.) states become both
population-trapped and coherence-decoupled. The surviving coherence also oscillates
more slowly: whereas the w — 0 coherences vary as sin(at), the w — oo coherence varies as
sin(%t), corresponding to a doubling of the oscillation period. The slowing down by a factor
of 2 in the high-field limit, which has already appeared several times, can be understood as
a reduction of the effective mixing scale. In a two-level system, the population oscillation
frequency is set by the off-diagonal coupling. Comparing sin(%t)2 at zero field with sin (%’5)2
in the high-field limit shows that the relevant coupling is reduced by a factor of 2 in the
latter regime. We will now explicitly derive this factor in the following way. Take for instance
the first three-state subspace, where the Hamiltonian #; (Eqg. (4)) can be written in the
bright-dark basis {|D) ,|B),|T})} to yield H, (Eq. (7)); |D) decouples and the only active
off-diagonal matrix element is (B|H,|T) = §. In the high-field limit, the |T'.) states are
Zeeman-detuned and the dynamics reduces to the direct |S) < |1;) channel, with matrix
element (S|H,|Ty) = —¢. The effective mixing scale is therefore reduced from § to §, which

explains the calculated slowdown in the oscillation period.

The long-time averaged values of the coherences are displayed in Table VI. The first and
last three rows correspond to the first and second subspaces, respectively. A nonzero
real-valued long-time averaged coherence reflects not persistent population transfer, but
persistent phase correlation in the {|S) , |T},,) } basis: it indicates that the long-time averaged
state is not diagonal in that basis and retains a stationary coherent admixture of the
corresponding states (a ‘memory’ that they were coherently linked). In this sense, the
long-time averages probe which interference terms do not dephase away under the unitary
dynamics, or equivalently, which contributions survive the t — oo averaging procedure. In
addition, these averages reveal two qualitatively different field dependences. The
coherences between |S) < |T;) scale as ;‘2—22 = a;i% so they are continuous through
w = 0, largest at zero field, and monotonically suppressed as the field increases. In turn,
the coherences involving |T..) are discontinuous at zero field: at exactly w = 0 they retain

finite values proportional to the initial {|S),|To)} imbalance A, whereas for any nonzero

30 of 139



field they scale as &5 = —%“, and therefore vanish both as w — 0 and as w — oc.

a?+w?’
Hence the |T..)-related long-time coherences are not only discontinuous at w = 0, but also
non-monotonic in field strength, reaching their largest values at intermediate fields w ~ a

(indeed, d%a;f:’wz = 0 at w = a). The discontinuity at w = 0 reflects the singular nature of

the long-time average at exact triplet degeneracy rather than sustained population current.
At zero field, the triplet manifold is exactly degenerate, so certain contributions to the
|Ty) coherences are non-oscillatory and survive the long-time average. For any nonzero
field, however small, the Zeeman splitting lifts this degeneracy, these terms acquire relative

A e o, lotwtQ)
phases oscillating at frequencies ~ =——

, and their infinite-time averages vanish. Thus
the discontinuity is not an abrupt change in the finite-time dynamics, but a consequence of

degeneracy lifting combined with the t — co averaging procedure.

Physically, a monotone pgy, indicates that the applied field steadily suppresses the stationary
phase correlation associated with the effective |S) <+ |T;) sector, whereas a non-monotone
pst, indicates that this coherence is only a low- and intermediate-field interference remnant
tied to exact zero-field triplet degeneracy, rather than a stationary coherence that survives

the crossover to the high-field regime.

Figs. 6 and 7 show the long-time averages of representative coherences pgr, and psr, as
functions of the dimensionless field strength #. The two figures illustrate the two qualitatively
distinct field dependences found analytically. In this way, Figs. 6 and 7 make visible the
difference between a coherence that is continuously weakened by the field and one whose

long-time average survives only because of exact zero-field degeneracy.
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coherence lim,_o coherence lim,_.. coherence
psTy (1) — B in? (4) — 2 sin(at) — 2 sin(4)
pst, (t) ﬁ SiHQ(%) + % sin(at) 0
pror, () |55 sin” (%) + = sin(at) 0
psty (1) 2159 sin? (2) + 2 sin(at) 2 sin(2)
pst_(t) _ﬁg SiHQ(%t) — % sin(at) 0
prr_ (1) | =355 5in° (%) + =2 sin(at) 0

Table V: Coherences (time-evolution of the off-diagonal terms in the density matrix) for the full
eight-level system dynamics and its low- and high-magnetic field limits. Closed expressions can be
found for all the derived coherences in the accompanying SymPy code. The first (last) three lines are
for the first (second) three-state subspace. The initial spin states appear in the coherences via three
parameters: ¥ and A, which measure the total initial weight in the {|S) , |1)} sector, and the initial
difference between the populations in these states; and ¢, which measures the |T'; ) initial population
imbalance. All coherences are smoothly continuous for w going from 0 to 0.

coherence |long-time coherence average for w = 0/w # 0/w —
“1-0)d?
PSTO(t) (22 1— C)/22 jzmlsz“f) /O
pST+(t> 8\/>/ 8f§2<2aw/0
(2E-1-Qaw
Pz (1) —5v3/ — 8fQ2 /0
pSTO(t> (22— l+§)/ (22— 1+C /O
22 1 aw
PST_ (t) 8\[/ 8v2 2+§§2) /O
pror_ (1) /(22;\}+chaw/o

Table VI: Long-time coherence average for the fuII eight-level system dynamics and its low- and
high-magnetic field limits. The first (last) three lines are for the first (second) three-state subspace.
This assumes no decoherence, so that the average is for t — co. The initial spin states appear in the
coherences via three parameters: ¥ and A, which measure the total initial weight in the {|5),|75)}
sector, and the initial difference between the populations in these states; and ¢, which measures the
|T) initial population imbalance. Long-time averaged coherences involving |7.), but not the ones
between |S) «+ |Tp), are discontinuous for w going from 0 to 0 if A # 0.
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Fig. 6: Long-time average of coherence ps7, expressed for different initial spin polarizations, as
a function of field strength. The coherence is plotted as a function of the dimensionless parameter
=, for the same representative initial spin states used in the previous figures. Unlike coherences
involving |T), this averaged coherence is continuous through w = 0, is largest at zero field, and is
monotonically suppressed as the field increases. The figure therefore isolates the field-dependent
loss of stationary phase correlation in the effective |S) <+ |1,) channel.
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Fig. 7: Long-time average of coherence ps1, expressed for different initial spin polarizations, as a
function of field strength. The coherence is plotted as a function of the dimensionless parameter ¢,
for the same representative initial spin states used in the previous figures. This averaged coherence
is singular at w = 0 for all cases with A #£ 0: at exact zero field it can retain a finite value which, for any
w # 0, is suppressed by the lifting of the triplet degeneracy. As a result, it vanishes both as w — 07
and as w — 0o, and is largest only at intermediate fields w ~ a.

34 of 139



In summary, the preceding results help clarify the often-invoked statement in the literature
that a ‘new pathway opens” when going from w = 0 to w = 0%. As our explicit population
and coherence formulas show, this statement is ambiguous unless one specifies what is
meant by ‘pathway’. If one means a bare Hamiltonian coupling, then no new pathway opens
at w = 0™: the coupling structure of the model is fixed. If instead one means dynamical
participation, then all three |S) <« |7,,) channels are already active at w = 0, as seen
from their nontrivial population dynamics and the corresponding coherences. Moreover,
whether a given channel carries instantaneous population transfer depends not only on the
Hamiltonian, but also on the initial spin populations, since the imaginary part of a coherence
vanishes whenever the two states involved are initially equally populated. This means that
analyses based on particular initial states can make a channel appear effectively absent,
even though the corresponding coupling is present and would become dynamically active

for a different preparation.

What changes singularly at w = 0" is therefore not the appearance of a new coupling,
but the lifting of the exact zero-field triplet degeneracy and the consequent loss of the
stationary, ‘phase-locked’ interference term that exists only at w = 0 (see Section 4). In
addition, a qualitatively distinct contribution unique to the pgsr,(t) coherence does emerge
for w > 0: its imaginary part contains a term that vanishes at w = 0 and is linear in w for
small fields. We believe this is the feature often described phenomenologically as an ‘opened
pathway’. More precisely, once the triplet degeneracy is lifted, | 7y) is dynamically singled out

relative to |T'y) and increased |S) <> |Tj) mixing follows.
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Take-home messages

. The Hamiltonian can be decomposed into a ‘bright” and a ‘dark’ sector; in this lossless
model, the dark sector is exactly symmetry-protected and decoupled from the spin-
mixing channel, so any population initially prepared in it remains trapped and does not

participate in the dynamics.

. The experimentally relevant “signal’, namely the singlet population as a function of time,
is obtained by recombining the bright and dark components. It has a DC component, a
component oscillating with €2, and a component oscillating at frequencies W The
signal is calculated in full, but also at the relevant limits given by w — 0, w — oo, and

t — oo.

. We explicitly present all the terms of the density matrix, for different initial spin
preparations, in full but also at the relevant limits given by w — 0, v — oo, and
t — oo. The population transfer pathways are determined by the imaginary parts of

the relevant coherences, with amplitudes set by the initial spin preparation.

. Most features of the dynamics seem to depend heavily on two quantities: the difference

between the initial populations in |S) and |T5), A, and their sum, 3.

. In this lossless toy model, at zero field, the special role of w = 0 is an interference
effect associated with exact triplet degeneracy. At w = 0, exact triplet degeneracy
makes some bright-dark interference frequency components, for example the one
R B S 1, collapse to zero frequency, leaving a stationary DC
contribution. For any w > 0, the degeneracy is lifted and that contribution acquires
nonzero relative phases ~ e%M, so it becomes purely oscillatory and averages
away over long times. In that regime, the |S) < |T;) coherence provides the dominant
contribution to the population transfer through a term linear in w at low fields. This
gives a precise interpretation of the chemistry literature’s common statement that a

‘pathway opens up” once a nonzero field is applied.
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4. ‘Bright-dark’ interpretation of the Hamiltonian

In this section, we explore the analogy between the Hamiltonian considered here and
Hamiltonians that arise in another area of physics. To our knowledge, the bright-dark
perspective that we will uncover has only once been previously emphasized in the radical-pair
literature [10]. Framing the dynamics in a language familiar from electromagnetically-induced
transparency [9] and related interference phenomena offers a genuinely new way of looking
at radical-pair physics: rather than viewing the model solely as a spin-chemistry problem,
one can interpret it as an interference problem with bright and dark sectors, destructive
interference, and coherence transfer. For details on this analogy, see Supplementary
Subsection Sl4.1. This viewpoint brings into a common framework several key features of
the model that were hitherto left disconnected, including: the emergence of a decoupled
dark sector; the importance of bright-dark coherence; the low-field effect and the singular
nature of the zero-field point; and the crossover at high field to an effective |S) < |Tp)

description.

We showed in Section 3 that the Hamiltonian for the first subspace #, (Eq. (7); also the
Hamiltonian for the second subspace, Hg, found in Supplementary Section SI3.1,
Suppl. Eqg. (S110)) is simple in a basis {| D) , |B) , |T.)} that contains the dark and bright states.
In turn, our signal, or experimental readout, is the singlet population ||S(t))|* obtained using

the projector |S)(S|, which is not diagonal in that basis:

B) -~ |D) 1
8y = =5 = 1)(8] = S(IB)(BI+|D)(D| - |B)(D| - ID)(BI) . (37)

In that basis, the signal is immediately
1
IS@F = 5 (1B + IDE) ) = Relpen(®)] - (38)

The instantaneous singlet population is the average of the bright and dark populations,
minus the real part of their interference term, the density matrix coherence element ppp(t).
Thus, it receives contributions from: the bright state population, which mixes with |7°,) and

hence oscillates in time; the dark state population, which is constant in time; and also
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from the bright-dark coherence term, which encodes the relative phase between the two
pathways that recombine into |S). This is why |S) and |T;), although they have the same
initial bright and dark populations, produce different signals: they differ only by the sign of

the bright-dark coherence (as was explicitly mentioned in Section 3).

Calculating the expression for ppp(t), we obtain for the first subspace:

-0 _20/ —5)) [COS(Q) cos ((a ;w)t) - %sin(Q) sin <(a _2w>t)} (;9)

Re [pBD(t)] =

where the initial populations within that subspace are o/ |T.), §'|Tp), and (1 — o/ — ') |S).
Note that the strength of the interference term is proportional to (8’ — (1—a’—3’)) - namely,

to the difference between the initial populations in |T;) and |S).

Some limits of the above expression for the coherence merit being considered:

lim Re [pep(t)] = (F-a _40/ —5)) (1 + cos(at)) , (40)
lim Re[ppp(t)] = w-a _20‘/_”8/)) cos (%t) . (41)

At exactly w = 0, the bright-dark coherence contribution contains not only an oscillatory
part but also a genuine DC term of strength 2, with A = ((1 — o/ — 8') — 8'), which shifts the

baseline of the singlet signal and survives time averaging.

We can also take the limit of Re [,oBD(t)} for the long time-average. This yields:

(Re [p50()] )10 = (B =@ —40/ —8) |

<Re [pBD(t)} >t—>oo =0, w 7é 0. (43)

w=0, (42)

Perhaps the most important insight is that Re[pgp(t)] changes not only in magnitude but
in qualitative character at w = 0. At exactly zero field, the bright-dark coherence is
sign-definite up to the sign of (4'—(1—a’— /")), contains a genuine DC component, and never

changes sign during the oscillation: it is effectively a rectified, ‘phase-locked’ interference
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term. For any w # 0, in turn, this stationary part is lost and the coherence becomes purely
oscillatory with zero long-time average; in the high-field limit it also oscillates more slowly,
with doubled period, similarly to what was already observed in Section 3. In this sense,
a magnetic field converts the bright-dark coherence from a DC+AC interference term
at w = 0 into a purely AC coherence for any nonzero field. Equivalently, the long-time
average of Re[ppp(t)] is singular at w = 0: an arbitrarily small field destroys the stationary
interference contribution. Moreover, Re[pgp(t)] vanishes identically when ' = (1 — o/ — ('),

showing that it is controlled entirely by the initial population imbalance between |S) and |Tj).

For the eight-level dynamics, we show explicitly in Supplementary Section Sl4.2 that the full

signal can be decomposed into different contributions:

. 2
1S(E)] "t ), BIT0), MT-), =

(1—a—p “)‘b’jf@f:()

{+1v

dark-state population

2 (22 — 1)@2 . 2
N {Z BRRRTERY 1 (44)

bright-state population

+ %cos (%) {cos(e) cos(%t) + % sin(0) sin (%)] :

bright—darﬁcoherence

As expected, the magnitude of the bright-dark coherence term is proportional to the
initial population difference ((1 — a —  — v) — ) = A between |S) and |T;). In turn,
the oscillatory part of the bright-state population contribution depends on the total initial
population in the {|S) , |7,) } manifold, namely ¥. Thus the decomposition cleanly separates
two kinds of information about the initial state: > controls how much weight is available in
the active bright sector and how much is trapped in the dark sector, whereas A controls the
interference between bright and dark components. In Section 5, we will show that the initial
imbalance in {|S) ,|T,)} controls a coherence-driven low-field structure, whereas the total
weight in that manifold controls the amount of actual population redistribution generated

by the dynamics and the high-field plateau of the signal and of the yield curves.

Also noteworthy is that the bright-dark coherence contribution to the signal is resolved into
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—'“ﬂ;ﬂz', arising from interference between the dark state

sidebands at angular frequencies
and the two states that compose the bright block. In turn, the bright population contribution
oscillates at angular frequency (), reflecting the beating between the two eigenstates within
the bright block. Both the signal and the singlet yields (see Section 5 for the latter) therefore

contain oscillations originating from these two distinct mechanisms.

Moreover, the bright-dark viewpoint is most useful in the low-field, unresolved-triplet
regime, and the crossover to high field can be understood as the breakdown of this collective
mixing picture. In the low-field regime, the singlet couples not to a single triplet eigenstate
but to a bright superposition within the triplet manifold, while the orthogonal dark
combination is decoupled from the spin-mixing Hamiltonian. The mixing dynamics are
therefore governed by the bright block (although the reconstructed singlet signal can still
contain interference between bright and dark contributions, see Eq. (44)). As the magnetic
field increases, the Zeeman splitting resolves the triplet manifold: the |7..) states are shifted
off resonance and effectively decouple from the singlet dynamics, leaving an effective

|S) <> |Th) mixing channel in the high-field limit.

Finally, the considered simple toy model, in the absence of loss, yields an idealized dark
state sector that is completely isolated from the spin-mixing dynamics. In a more realistic
radical-pair model, decoherence and recombination, anisotropic hyperfine terms, exchange

and dipolar couplings will turn the dark state into only “an approximate dark state’.
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Take-home messages

. We uncover the origin of the signal’s three distinct contributions: the dark-sector
contribution is time-independent, the bright-sector contribution oscillates at
frequency (), and the bright-dark coherence contribution gives rise to sidebands

at frequencies ==,

. The bright-dark coherence behaves qualitatively differently at w = 0: exactly at zero
field it contains a constant, ‘phase-locked” component, whereas for any w # 0 it

becomes purely oscillatory. In this sense, w = 0 is a singularity.

. The strength of the bright-dark coherence contribution depends directly on A, the
initial population difference between |S) and |7}). Because this coherence changes

character at w = 0, A controls the low-field structure of the signal.

. The bright- and dark-sector population contributions depend directly on ¥, the initial
total population in the {|S),|Ty)} manifold. Accordingly, ¥ controls the high-field
and long-time structure of the signal, including for example the plateau value in the
high-field limit.
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5. Solution for the singlet yield

Historically, the radical pair mechanism has been probed experimentally in setups in which
electron spins are not initialized simultaneously into the coherent dynamics, but are instead
generated continuously, and in which singlet population yields are averaged over timescales
far exceeding the coherence time of the spin dynamics — i.e., in what a physicist would
describe as a ‘steady-state regime’. Plots of this steady-state integrated singlet population,
measured as a function of magnetic field strength, for continuously generated radical
pairs rather than a single synchronized initial ensemble, are referred to in the literature
as ‘magnetic field effect curves’ for the singlet yield. ‘Singlet yield” and ‘magnetic field effect

curve’ will thus be used interchangeably in what follows.

All the symbolic calculations for the singlet yield expressions can be followed along using the

accompanying SymPy code SingletYield_SymPy.py.

The quantity in the present toy model that most naturally corresponds to the experimentally
measured magnetic field effect curves is thus not the instantaneous singlet population
(our signal ||S(#))|”), but rather the singlet yield, obtained, for example, using a normalized

finite-time integral,

NI B PO
(IS¢ ) =7 /0 [[S@)[ dt (45)

or an exponentially-weighted integral taking into account k, a radical pair recombination
rate,
Op(w) = k/ e RS (1)) dt . (46)
. Y71

The first yield represents the time-averaged singlet population over an observation window
of duration 77 (||S(t.w))|")r should be understood as a function of w for fixed 7. This
average weights all times equally between 0 and 7" and corresponds to a simplified scenario
with continuous radical-pair production and a uniform age distribution on the interval
[0, T]; equivalently, it describes a no-loss ensemble observed over a finite time window,
or a continuously replenished ensemble in which each radical pair is removed after a fixed
maximum lifetime 7. In this sense, the second expression for the yield is more standard

in that times are not weighted equally: if radical pair recombination occurs, late-time

42 of 139



dynamics contribute less because fewer radical pairs remain. Note that Eq. (46) is exactly
like a spin-independent survival process for the radical pair as a whole, with mean survival
time k~1; it is not a singlet-selective or triplet-selective recombination model. In this sense,
k is not a proper decay rate inside the spin dynamics but a weighting parameter in the yield
definition, prescribing how it emphasizes early times versus late times, regardless of spin
state. Similarly to the first yield, the lifetime-weighted yield should then be understood as
a function of w for fixed recombination rate £, so that the magnetic field dependence is
examined under an exponential survival-time distribution set by the radical pair lifetime &~*.
However, neither of these yields is intended to replace a full Haberkorn approach [12].
In that formalism, spin-selective recombination is built into the master equation itself,
leading to a time-dependent loss of radical-pair population and yields defined through

the recombination dynamics.

The expressions for the analytical integrations (||S(f.w))|")+ (henceforth ‘finite-T" average

singlet yield’) for different spin initializations are given in Table VI, where

K(T) = }1 (1 + %) (sinc (W) + sinc<%))

- i (1 - %) (sinc (—(a - w2_ Q)T> + sinc (—(a i w; Q)T>) ;

in turn, the corresponding values for ®,(w) (henceforth ‘exponentially-weighted singlet

(47)

yield’) are given in Table VIII, with

1 w
Kw)= -(14+=) | Mle+w—Q)+Ay(a—w+Q)
f( 8> [ ] (48)
+4 (1—5) [Ak(a—w—9)+Ak(a+w+Q)] ,
where we introduced
A = 2k (49)
M= g2 2

These expressions define our toy model’s singlet yield curves. All singlet yields are smooth

going fromw =0to 0.

For a generic initial state for the spins, the coefficient accompanying K(T") and K (w) in the
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singlet yield expressions is proportional to the difference between the initial |S) and |T})
populations, A. This term is the contribution to the singlet yield that originates from the
bright-dark coherence term. Any low-field feature is thus controlled entirely by the initial
|S) < |T,) imbalance. By contrast, 3 governs the smooth population background through
the bright- and dark-sector contributions. Indeed, the dark-state contribution to the singlet

yield is %, while the bright-state contribution is

Y28 -1)a®  (2X —1)a?

1 s T sgp  Sin(@T)  for {[[S(t,w))[")r; (50)
Y (28 - 1)a?
4 8(k2+02) for @ (w) . (51)

Note that the limit 7" — oo is analogous to £ — 0. For any fixed w # 0, the correction terms
proportional to K£(7') and K (w) vanish as " — oo and k — 0, respectively, so the normalized
integrated signals of Tables Vil and VIll reduce to the corresponding w # 0 long-time averages
of Table II. At exactly w = 0, however, K(T') — § as T — oo, and K (w) — % as k — 0, thereby
reproducing instead the zero-field entries of Table Il. The surviving constant factor at exactly
w = Oreflects the fact that the limits T" — oo (K — 0) and w — 0 do not commute. Thus, in this
toy model, the finite-T" average and the exponentially-weighted singlet yields can be viewed
as two different ways to get rid of the w = 0 discontinuity in the long-time averaged signals
of Table II: a multiple sinc-type smoothing of the long-time averaged singlet yield curve
through C(7T), and a multiple Lorentzian-type smoothing through K(w). Strictly speaking,
however, the yields are obtained by integrating the full instantaneous singlet signal, not by
applying a smoothing kernel directly to the long-time average; the smoothing interpretation

emerges only after the exact integrated expressions are derived.

It should by now be clear that, in general, the singlet yield expressions exhibit a nontrivial
oscillatory structure as a function of w rather than simple monotonic behavior. Because
these expressions contain oscillatory contributions depending nonlinearly on w, the
corresponding magnetic field effect curves can exhibit bends, ripples, and local extrema
as the magnetic field is scanned. This oscillatory magnetic field dependence is not usually
explicitly emphasized in the existing literature. Perhaps this is because current experimental

capabilities are not sophisticated enough to resolve it; or because experiments operate in a

44 of 139



long time-average regime (effectively, approaching T — oo or k — 0) where most of those
oscillating features are washed out (i.e., in a regime in which magnetic field effect curves are

well-described by the long-time signal averages of Table |l).

In Figs. 8 through 12 we plot the two considered singlet yields, as a function of the
dimensionless parameter © for five representative values of the dimensionless time
parameter o' = 7 chosen to be logarithmically spaced between 1 and 100; the time
parameter corresponds to the duration of the observation window for the first singlet yield,
and to the radical lifetime for the second. The embedded video of Fig. 13 extends the
same visualization to a much denser sampling of the time parameter. These plots make
explicit how the singlet yield curves evolve as the maximal averaging time is increased. For
short time parameters, the sharp time cutoff produces pronounced sinc-like oscillatory
structure, with visible ripples, as a function of w for the finite-7" average singlet yield, and
a Lorentzian-smoothed character for the exponentially-weighted singlet yield. Both curves
retain nonmonotonic behavior and a broadened low-field feature. As the averaging window
increases, these oscillatory features are progressively washed out for the first singlet yield,
while the low-field structure becomes narrower in w-space for both yields. By aT = § = 100,
the curves are already very close to the ¢ — oo, long-time average results of Fig. 5, except

that the singlet yields still smooth the zero-field region and therefore replace the strict

discontinuity of the infinite-time limit by a narrow but continuous crossover.
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initial state singlet yield (|[S(1.w))|")r
100% |T) i 28“@ —285—3? sin(QT)1
: 10(3% ]T0>1 5“2854;; + 85? 5|'n(QT) - %IC(T)
s |Th). 3|To), 5[T0) ;2;952 ~ 2ig°T s,.m(QT) i K(T)
TR T s+ ey ST + 5 K(T)
T 4 +/5 4 0/ > 4 —/ 4 (1+2E)a2+42w2 (22_11)%12 . Q A
Oé| +>7B|T0>77|T—>7 (1_a_ﬁ_7)|5> 02 + 03T SIn( T)+§K:(T)

Table VII: Finite-T average singlet yield, expressed for different initial spin initializations. All
results are self-consistent, and reduce to the long-time averages of Table |l for ' — oc. Closed
expressions can be found in the accompanying SymPy code. The initial spin states appear in the
curves only via two parameters, > and A, which measure the total initial weight in the {|S),|7o)}
sector, and the initial difference between the populations in these states. All singlet yields are
smoothly continuous for w going from 0 to 0.

initial state singlet yield @ (w)
100% | T, e
100% |Tp) ! — o — 3 KW)
5IT4), 51T0). 5IT-) A )
100% |S) ! - s s KW)
1IT4), 31To), 3172), 71S) i
a|Ty), BITo), AIT), (1—a =B =95 — Gy + S K(W)

Table VIlI: Exponentially-weighted singlet yield, expressed for different initial spin initializations.
All results are self-consistent, and reduce to the long-time averages of Table Il for & — 0. Closed
expressions can be found in the accompanying SymPy code. The initial spin states appear in the
curves only via two parameters, ¥ and A, which measure the total initial weight in the {|5),|7o)}
sector, and the initial difference between the populations in these states. All singlet yields are
smoothly continuous for w going from 0 to 0T. Unlike the finite-T" average singlet yield of Table VII,
these expressions were obtained using a more standard definition of the singlet yield involving the
recombination rate k.
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time parameter aT=a/k =1

finite-T avg.
singlet yield
L0 e
0.8 initial spin state
- 100% |S)
0.67 100% [To)
V3T, 113 |To), 13 |T.)

0.4 - 100% |T,)
0.2¢

«

,L .................. i i N £ Y T XY VYT O : — wla

2 4 6 8 10
exp.-weighted
singlet yield
1.0
0.8F """ initial spin state
- 100% |S)
0.67 100% |To)
V3T, 13 |To), 1V3|T.)

0.4 - 100% |T,)
0.2

«

+ ““““““““ Ly T R b L - wla

2 4 6 8 10
Fig. 8: Singlet yields for time parameter aT" = 7 = 1. The observation window is short, and

appreciable spin-mixing has not yet occurred. The filled circles are the values of the yields for w = 0
in the limit t — oo, namely % and %. The stars are the values of the yields for w = 0 for this given time
parameter. At zero field, the curves are still far from their ¢ — oo values.
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time parameter a T =a/k = 3.16

finite-T avg.
singlet yield
1.0t
o8 T initial spin state
. - 100% |S)
o
061 100% [To)
W3 |T,), 13 |To), 1/3|T_)
o4 -~ 100% |T.)
0.2
@
i : — wla
2 4 6 8 10
exp.-weighted
singlet yield
1.0t
08 initial spin state
-SSR - 100% |S)
0.6F “te----oTT .
100% |To)
W3 |T,), 13 |To), 1/3|T_)
o4 100% [T.)
0.2
T R U o : — wla
2 4 6 8 10

Fig. o: Singlet yields for time parameter a7 = 7 = 3.16. The singlet yield curves start to develop
appreciable bends. The filled circles are the values of the yields for w = 0 in the limit ¢ — oo, namely
% and %. The stars are the values of the yields for w = 0 for this given time parameter. At zero field,
the curves are already close to their t — oo values.
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time parameter aT=a/k =10

finite-T avg.
singlet yield
1.0r
0.8r initial spin state
- 100% |S)
0,6%“ 100% [To)
R V3., 13 [To) V3 |T.)
04r T s - 100% |T,)
0.2+
L&
L ; — wla
2 4 6 8 10
exp.-weighted
singlet yield
1.0t
0.8r initial spin state
- 100% |S)
o
0.6 . 100% |Tq)
RIS i EREEEEEEEEEEEIEEELEEEE S V3 |T.), U3 [To), 13 |T.)
0.4+ -+ 100% |T,)
0.2
..
LTIV : — wla
2 4 6 8 10

Fig. 10: Singlet yields for time parameter a7 = 10. The oscillatory character of the finite-T average
singlet yield starts to be pronounced, and a low-field feature in the exponentially-weighted singlet
yield starts to develop. The filled circles are the values of the yields for w = 0 in the limit t — oo,
namely % and %. The stars are the values of the yields for w = 0 for this given time parameter.
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time parameter a T = a/k = 31.62

finite-T avg.
singlet yield
1.0r
0.8 initial spin state
- 100% |S)
0.7 100% [To)
D memesssssssmasssssssssssess 13 [T,), 13 [To), 13 [T.)
0.4 ©100% |T.)
0.2
oo
e, e e e e iae i ieniien L L w/a
2 4 6 8 10
exp.-weighted
singlet yield
1.0t
0.8 initial spin state
- 100% |S)
A 4
0.6} 100% [To)
| pammmannsss s V3T, 13 |To), 1V3|T.)
0.4 - 100% |T,)
0.2
@
U L - ‘ — wia
2 4 6 8 10

Fig. 11: Singlet yields for time parameter «T" = 31.62. The oscillatory character of the finite-T
average singlet yield is very clear, and the low-field feature in the exponentially-weighted singlet yield
is close to reaching its final value. The filled circles are the values of the yields for w = 0 in the limit
t — 0o, namely % and %. The stars are the values of the yields for w = 0 for this given time parameter.
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time parameter a T = a/k =100

finite-T avg. &
singlet yield 0.6

initial spin state
- 100% |S)

100% [To)
3T, 13 [To) 13 [T.)
~100% |T.)

2 4 6 8 10
exp.-weighted
singlet yield
1.0¢
0.8/ initial spin state
- 100% |S)
ol
0.6 100% [To)
"""""""""""""""""""""""""""""""""""""" W3 |T,), 13 |To), 1/3|T_)
0.4 ~ 100% |T.)
0.2}
@ .
“““““““““““““““““““““““““““““““““““““““ wla
2 4 6 8 10

Fig. 12: Singlet yields for time parameter o7 = 7 = 100. The oscillatory character of the finite-T
average singlet yield is very fast and the oscillations almost wash out, and the low-field feature in the
exponentially-weighted singlet yield is even closer to reaching its final value. The filled circles are the
values of the yields for w = 0 in the limit t — oo, namely % and %. The stars are the values of the
yields for w = 0 for this given time parameter. For the finite-T" average yield, we additionally show a
zoomed-in window over 0 < % < 2 to make the rapid oscillations in the curves for the initial |S) and
|To) states clearly visible.
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Fig. 13: Video of the singlet yields for time parameters 7' = ; = 0 to 100. The oscillatory
features develop and are then almost washed out for the finite-7 average singlet yield. The
exponentially-weighted singlet yield develops a smooth low-field feature early on. 52 of 139
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We can also calculate the asymptotic behaviour of the yields in the limits w — 0 and w — o0;
the results are displayed in Tables X and X. In the zero-field limit, the yield retains the
singular interference contribution associated with the exact triplet degeneracy. As a result,
the yield depends not only on ¥, which controls the population-type terms, but also on
A, which controls the interference term. In the high-field limit, however, the expressions
simplify to an effective |S) < |T;) form: the background is set by >/2, while the remaining
A-dependence appears only as a finite-time or finite-lifetime correction that disappears in
the T' — oo or k — 0 limits. In this sense, the w — 0 entries make explicit that the zero-field
anomaly originates in the interference term that survives only at exact triplet degeneracy. At
high field, the initial |S) < |1;) imbalance does not contribute to the strict long-time yield.
Its effect appears only through oscillatory terms that survive when the observation time or

the lifetime is finite, and it disappears in the limits 7" — oo or £ — 0.
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initial state limg o ([S(w) D7 Jlimesee ([19(w)[*)r
100% |17.) 1 — Lsinc(al) 0
100% [T} T feino(an) T
T T : P
3T, 3 ITb) 3 IT) £ — ssinc(aT) & — gsinc(4f)
100% |S) 2 + 3sinc(aT) T+ Isinc(4d)
1 1 1
}1|T+>7 Z|T0>7 Z|T—>, 1|S> le le
o|T), BITo), YIT), (1 —a =B =) [S)[F522 + (=) sinc(aT)| 5 + §sinc (%)

Table IX: Finite-T average singlet yield at its low- and high-magnetic field limits, expressed for
different initial spin initializations.  All results are self-consistent, and reduce to the long-time
averages of Table |l for T — co. Closed expressions can be found in the accompanying SymPy code.
The initial spin states appear in the curves only via two parameters, > and A, which measure the total
initial weight in the {|S),|Ty)} sector, and the initial difference between the populations in these
states.

initial state lim,,_o @ (w) lim,,_ o ®r(w)
100% |T) S 0
100% | Ty) NG PesET)
1 1 2 2
1 a a
3IT%), 3 1To), 51T ST S@TaT)
100% |5) St L — st
411|T+>a 711|T0>7 71;|T—>’ }1|S> 0 4111 o 411 .
o |T+> ) B ‘T0> » Y |T—> ) (1 — o= 6 - 7) |S> (2 )8(22(4:22) +28)a % + 4i2Afa2

Table X: Exponentially-weighted singlet yield at its low- and high-magnetic field limits, expressed
for different initial spin initializations. All results are self-consistent, and reduce to the long-time
averages of Table |l for £ — 0. Closed expressions can be found in the accompanying SymPy code.
The initial spin states appear in the curves only via two parameters, ¥ and A, which measure the total
initial weight in the {|S),|7b)} sector, and the initial difference between the populations in these
states.
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In Supplementary Section Sl5, we examine in detail the full oscillatory w-dependence of the
yields; we can demonstrate, for example, that the field location of any nonzero extremum
of these magnetic field effect curves scales linearly with the strength of the hyperfine
interaction, a (Supplementary Subsections Sl5.4 and Sl5.5). We also scrutinize the limit
w — 0 (Supplementary Subsections Sl5.1, SI5.2, Sl5.3, and Sl5.5), which is relevant in the

discussion of the so-called ‘low-field effect’.

The low-field effect, in the usual chemical sense, refers to a near-zero-field feature of the
yield curves. It is usually described in the literature as a local dip for singlet-born radical
pairs and as a local peak for some triplet-born radical pairs [13-17]. A historical overview of
how the low-field effect has been understood in the chemistry literature can be found in

Supplementary Subsection Sl|5.6.

The present physics-inspired derivation and interpretation of the low-field effect differ
from previous accounts in several important respects. First, although earlier treatments
have been successful in describing the low-field effect, they do not fully account for the
continuity between the zero-field and low-field regimes. By contrast, all of our closed-form
populations, coherences and yields are continuous as w goes from 0 to 0*. Second, the
existing literature does not fully explore how the initial populations of |S), |T;), |1,), and
|T_) affect the magnitude and sign of the low-field effect; here, we address this question by
considering a generic incoherent mixture of initial spin states. Finally, previous works have
focused primarily on long-time averages (t — oo, which generates the zero-field singularity)
and have not fully examined the frequency content of both the singlet population and the

singlet yield for different observation windows 7" or radical lifetimes £, like we do here.

We now summarize the results of our analysis of the w — 0 limit. We start by deriving,
for w — 0, a characteristic low-field oscillation scale, which originates from the K(7") and
K (w) terms; this oscillation scale can be shown to be proportional to :lp or, equivalently,
proportional to k; the low-field feature is a natural outcome of coherent oscillations being
sampled over a limited time T or lifetime scale k1. Importantly, the feature can only exist if

A # 0 because that is the constant multiplying K(7") and K (w) in the yield expressions. This
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initial population imbalance is thus a necessary condition for a low-field correction term
to be present, but a genuine dip or peak additionally requires this correction to be strong
enough to cancel and reverse the slope of the remaining terms in the full yield curve. In
the strict long-time limit ¢ — oo, we can show that, if A > 0 (A < 0), the magnetic field
effect curve indeed produces a local dip (peak) for w > 0. In the same limit, the visibility of

the low-field structure is maximized, if it is a dip (peak), for initial spinsin a pure |S) (|7})) state.

We stress that the singular feature at zero field is best understood as a coherence effect
rather than simply as enhanced spin mixing. Both the singlet population and the singlet
yield contain three contributions: the dark-state population, the bright-state population,
and the bright-dark interference term Re[ppp(t)]. As shown in Egs. (40) through (43), this
coherence behaves qualitatively differently at exactly w = 0 than at any nonzero field. At
w = 0, Re[ppp(t)] contains a constant component, whereas for w > 0 it is purely oscillatory
and its long-time average vanishes. This is precisely the contribution proportional to A, and

this change in the bright-dark coherence underlies the singular zero-field behavior.

Finally, one may ask under which conditions such a nonmonotonic low-field feature can
be observed experimentally. In practice, one never measures a singlet yield curve after
averaging for an infinite time nor with arbitrarily fine field resolution. Instead, one can
only average over a finite time 7T, decoherence suppresses the coherent contribution on
a timescale T3, and field drift or inhomogeneity effectively convolves the signal with a

distribution of w. It is therefore natural to define an effective coherent observation window
Tets ~ min(T, TQ*) . (52)

The low-field effect discussed above, which originates from coherent dynamics, is then
observable only if its intrinsic field-space width is not washed out by these experimental
limitations. Since, near w — 0, the sinc or Lorentzian terms set a characteristic oscillation
scale of approximately ﬁ this coherent low-field feature can only be resolved when the
overall experimentally determined field broadening Awey, at w — 0, is comparable to, or
smaller than, this scale. Longer averaging times or longer coherence times therefore make

the feature intrinsically narrower in w-space; this sharpens the structure, but also makes it
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more demanding to resolve experimentally.
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Take-home messages

. The experimentally relevant observable in typical radical-pair measurements is the
singlet yield, or magnetic field effect curve, obtained by integrating the singlet

population signal over time.

. We give explicit expressions for two typical yield integrals; these should be understood

as functions of w, for a fixed time-like parameter.

. These singlet yield curves vary with w nonlinearly, exhibiting many different frequencies
of oscillation and, potentially, bends, ripples and local extrema. They behave

qualitatively differently at exactly w = 0.

. The ‘low-field effect’ in the yield curve is best understood as a coherence effect rather
than simply as enhanced spin mixing: it originates from the bright-dark coherence
term that contributes to the singlet yield. A nonzero A guarantees the presence of this
coherence-driven low-field correction, but a genuine low-field dip or peak appears
only if that term is strong enough to generate a turning point in the full yield curve.
When such a feature exists, its width is set by the inverse of the relevant time-like
parameter. In the strict limit ¢ — oo, such a feature does exist for A £ 0; if A > 0

(A < 0), the magnetic field effect curve has a local dip (peak) for w > 0.
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6. Solution for good magnetometric states

A further novel aspect of this work is the import of concepts and tools from technological
quantum sensing into the analysis of radical-pair dynamics. In particular, by framing the
model in terms of magnetic sensitivity, we recast the radical pair not only as a spin-chemical
system but also as a quantum sensor, thereby making direct contact with a well-developed
body of methods for quantifying field response, optimal initial state preparation, and the
trade-off between coherent phase accumulation and signal averaging. To our knowledge,
this perspective has not been systematically developed in the radical-pair context. It
provides a complementary viewpoint to the traditional spin-chemistry analysis, and helps
isolate which features of the dynamics are genuinely advantageous for magnetosensing, as

opposed to merely producing visible field dependence.

In quantum sensing, given a signal S(¢,w), the shot-noise-limited sensitivity n with respect
to w is defined as [18]

S(1-S)
A VS(
p=1lim 25 sz im VT = im YEULZS) (53)
w—0 ‘% w—0 ‘% w—0 |

here, AS is the signal’s standard deviation, and 7 the total experiment time. For N
realizations, the total time is 7 = N -t, where ¢ is the time of a single experiment. Moreover, if
each run produces a binary outcome (success/failure) with probability S, then the outcome
is a Bernoulli random variable with variance S(1 — S); therefore the intrinsic (projection/
binomial) standard deviation of the measured signal for an average over N independent runs
is AS = IN‘S — hence the final expression for n. The quantity w being a frequency, n can
be understood as the sensor’s minimum detectable change in frequency. The factor v/t can
be understood as a penalty: the longer the measurement takes, the larger (i.e., the worse)

the sensitivity.

Because the full eight—level singlet observable (Eq. 18) is an even function of the Larmor

w))I’

w))|?, it cannot provide first-order sensitivity to signed field
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changes in the zero-field limit:

B[S (¢, w))|”

o —0, (54)

w=0
so the standard slope-based shot-noise sensitivity diverges when evaluated at w = 0. The
same is true for the singlet yields (||S(¢,w))|")s and ®,(w). Note that the addition of more
terms to the Hamiltonian might induce the symmetry breaking that will permit a zero-field
linear magnetosensing response (namely, S(w) # S(—w)) — we are neglecting this possibility

here.

Even if, indeed, the derivative vanishes as w — 0, this might not necessarily be bad news
for biological magnetosensing: we know that the three above observables can indeed be
field-sensitive; rather, it means that zero field is not an appropriate operating point for
linear-response magnetometry with the considered scalar signals (|5 (7. w))|”, (|[S(t.w)) ")z,
and & (w)).

A more natural interpretation is therefore that biological magnetosensing, if based on
observables such as those above, and if under a symmetric Hamiltonian that is close to
this toy model’s, operates around a finite ambient bias field rather than around B =0.In
other words, spins under this toy-model Hamiltonian are naturally a finite-bias magnitude
sensor, not a zero-bias sign-sensitive sensor. In particular, the geomagnetic field provides
a plausible operating point: the biologically relevant signal would then be the local variation
of the singlet population or yield around that nonzero background field. In that case, the

relevant sensitivity is not a function of the signal derivative evaluated at w = 0, but rather

oS

b
Oow e

(55)
where weg denotes the Larmor frequency associated with the Earth’s magnetic field of

~ 50 pT'. Moreover, we posit that it is not unlikely that each protein has an optimum

operating point that depends on local magnetic field conditions, for example, inside a cell.
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Equivalently, one may say that spins under the Hamiltonian considered here can sense
magnetic field magnitude departures from a finite reference field, rather than the sign of
an infinitesimal perturbation around zero. Such a spin quantum sensor can still distinguish
whether the field becomes stronger or weaker relative to its operating point, even though it

cannot distinguish +Aw from —Aw in the strict zero-bias limit.

Hence, a natural calibrated differential signal is [18]
1
D(w,t) = §<S(w,t) - S(wE,t)> : (56)

where the signal S is, for example, one of ||S(¢.w))|”, (||S(t,w))|")r, or ®y(w). Note that

D(w, t) vanishes at the operating point wg and is linear in (w — wg) to first order:

(w—we) . (57)

W=WEg

1
D(w,t) ~ 3 3

Although the calibrated differential signal D(w,t) is convenient conceptually, it is only an
affine transformation of the original signal about the operating point. Consequently, a factor
% cancels between the shot noise and the slope, so the sensitivity can be written directly in
terms of the local signal statistics and local slope of S at w = we. Indeed, if the reference
value S(wg, t) is treated as known, and if each run produces a binary singlet/triplet outcome,

then the shot-noise-limited sensitivity is

ne(t) = %S(wj’ %(1 — S‘(ME’ 2N (58)

Ow lw=wg

If, instead, the reference (i.e., ‘sensing Earth’s magnetic field’) is itself obtained from an
independent measurement with the same statistics rather than treated as perfectly known,
an additional factor /2 multiplies Eq. (58). Which of these scenarios is most relevant for
biological magnetosensing is unclear. A biological sensor need not compare two
simultaneously acquired signals; it may instead compare the instantaneous response against
an internal or slowly varying baseline associated with the ambient geomagnetic field (for
example, a characteristic balance of chemical products accumulated under geomagnetic

conditions). From this perspective, Eq. (58) provides the natural idealized benchmark,
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whereas the additional factor /2 should be viewed as a conservative penalty applicable

when the reference must itself be estimated with similar noise.

Here, we calculate explicit sensitivity expressions for the two singlet yields, which we argue
in Supplementary Subsection SI6.1 might be more appropriate proxies for biologically-

relevant magnetosensing than the instantaneous singlet population.

We wish to determine which initial spin states are optimal for magnetometry;
equivalently, which initial spin states minimize the sensitivity. Incidentally, like most quantities
previously derived, we will prove that all magnetometry-related quantities are only a function
of ¥ and A, not of {: how the population outside the {|S) , |T;)} organizes itself will be of no

consequence to how the spins perform magnetosensing.

However, in general, finding an optimal (2, A) will not be possible without having recourse
to numerics: one noteworthy conclusion from this section is that, even for the very simple
toy model we are using, the calculated sensitivities are complicated functions that strongly
depend: on both ¥ and A; on wg and how it compares to the hyperfine strength a; and on

the averaging interval T' — or, equivalently, on the singlet lifetime k1.

All the symbolic calculations for the magnetometry-relevant quantities can be followed along

using the accompanying SymPy code Magnetometry_SymPy.py.

The shot-noise-limited sensitivities for the yields are thus

VAUIS(E we)) Pyr(1 = (IIS(E we)) )
ne(T) = I2X — 1)A + AB|

B \/CI)k(wE)(l — @k(wE))
k) = s a1 AB

VT, (59)

VT, (60)
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where, for (|[S(t.we )|V,

A= 8T—£2§(2TQE + T cos(QeT) — 3sin(QeT)) ey

K'(T, we) ; (62)
and where, for ¢ (w),

A= "2F (63)

1
B'= SK(we) (64)
In the above, we have defined Qe = /a? + w?.

It is noteworthy that the sensitivity does not depend on «, 3,y separately: it depends only
on X and A: a three-parameter optimization problem just collapsed into a two-parameter

optimization problem. Note that the allowed region in (X, A) is
0<¥<i1, Al <X (65)

Given the symmetry between 7e(7T") and ne(k), we will discuss here the sensitivity derived for
the finite-T' average yield; for ne(k), results are very similar, and fully derived in

Supplementary Section S16.4.
The sensitivity depends on the magnitudes of both its numerator and its denominator.

We show in Supplementary Subsection S16.3 that the numerator is minimized for a pure
initial |S), a pure initial |7y), or any initial mixture of |7.) adding up to the full population
weight. Other states such as 50% |7}),50% |S) cannot minimize the numerator except in

accidental degenerate cases.

In turn, the denominator splits into two distinct slope contributions: the (2X — 1)A term is

the population (or bright-sector) contribution, whereas the AB term is the coherence (or

63 of 139



bright-dark interference) contribution. In Supplementary Section S16.2, we argue that the
key interferometric resource for magnetometry is bright-dark coherence. In other words,
a good magnetometric state is not ‘as dark as possible’, but one that balances dark-state
phase memory with bright-state readout. The denominator term thus confirms our intuition
that the sensitivity is not controlled by one single mechanism, but rather by the competition

or cooperation of two mechanisms.

We show in Supplementary Subsection S16.3 that the denominator is maximized when the
initial spin state is either pure |.S) or pure |T;). Neither |S) or |T}) is always the optimal choice
to maximize the denominator: the optimum can flip with T" or with we. More explicitly, at
fixed 3, pure |S) gives the larger denominator when ((2X—1)A)(XB) > 0, and pure |T;) gives
the larger denominator when ((2X — 1)A)(XB) < 0. If A = 0 or B = 0, the magnitude of the
slope is the same for an initial pure |S) or pure |T}) state. If B ~ 0, however, the coherence
channel becomes ineffective, and the distinction between |S) and |T},) correspondingly

weakens.

Note the particular case of the maximally mixed initial spin state (@ = § = v = }1,
correspondingto ¥ = 1 and A = 0), for which |(2X — 1)A + AB| = 0: the sensitivity diverges;
we thus recover the previous result that some degree of spin initialization is required for

magnetosensing under this model.

Putting the numerator and denominator analyses together, we arrive at the following
conclusion. The denominator-only criterion often favors the {|S), |7,)} edge for an initial
state, because that is where the slope is largest. But the numerator can favor a very different
initial state: a pure initial |.S), a pure initial |7;), or any initial mixture of |7..) adding up to
the full population weight, even if its slope is not maximal. That is why the full sensitivity can
sometimes favor initial states such as |7.), even though the denominator-only argument
favors the {|S) ,|7T,)} sector. However, if no initial population is in |T%.), we can confidently

say that pure initial |S) or pure initial |7;) will minimize the sensitivity.

In general, note that many different triples («, 3,v) are exactly equivalent: if they have the

64 of 139



same Y and the same A, they result in the same signal and the same sensitivity. Whenever
Y < 1,thereis a continuous family of degenerate states obtained by redistributing population

between |T.). In turn, if X = 1, then a = 7 = 0, and the corresponding triple is unique.

Finally, note that the presence of a low-field effect does not necessarily imply good
magnetometric performance. The low-field singularity originates from the survival of a
stationary coherence contribution at exactly w = 0, whereas first-order magnetometry in
this toy model requires an operating point at which the signal has a nonzero field derivative;
for the signals considered here, that is not the case at w = 0. For example, a pure initial | 7%)
state does not generate the coherence-driven low-field feature, but this does not mean that
such an initial state is necessarily unfavorable for magnetometry, since useful field sensitivity

may still occur away from zero field.

In conclusion, the sensitivity curve, even for this very simple toy model, is a nontrivial function
of ¥, A, the interrogation time T, and the ratio “£. Accordingly, once both the numerator
and denominator of the sensitivity are taken into account, exact comparisons between

candidate initial states are most reliably carried out numerically.

On another note, one interesting difference between the two singlet yields studied
throughout is that the lifetime weighting acts as a low-pass filter. The finite-7T" average uses
a sharp cutoff in time, T, so its kernel carries sinc-like terms and can generate oscillatory
features as a function of T'. For the second yield model, the exponential weighting is smooth.
The parameter k suppresses late-time dynamics continuously rather than sharply. Thus, the

lifetime-weighted sensitivity is smoother as a function of time, with less oscillatory structure.

Figs. 14 through 16 show the shot noise-limited sensitivity of the two singlet yield observables,
as a function of the time parameter 7" = ¢, evaluated at three representative log-spaced
operating points “£ = 0.1, 1, and 10, with all quantities plotted in dimensionless form. The
video embedded in Fig. 17 extends this comparison across the range £ < [0.1,10]. The
vertical line marks the characteristic timescale associated with sensing at the Earth-field

operating point we, which is the natural finite-bias reference field considered in this section.
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Several general features are visible. The sensitivity for the finite-7" average singlet yield
indeed has strong oscillatory structure at long observation windows, whereas the sensitivity
for the exponentially-weighted singlet yield is indeed much smoother. In addition, the figures
make clear that both the overall value of the sensitivity and the initial state that minimizes it

can change appreciably with the time parameter a1 = S and with the ratio “£.
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Fig. 14: Sensitivities for the operating point “* = 0.1. The vertical line marks the characteristic
interrogation time associated with sensing the bias field wg. The finite-T" average sensitivity is more
oscillatory, while the exponentially-weighted sensitivity is smoother. |S) as an initial state almost
always minimizes the sensitivity for shorter times, whereas |Tj) minimizes the sensitivity for longer
times, in the time interval considered.
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Fig. 15: Sensitivities for the operating point “2 = 1. The vertical line marks the characteristic

interrogation time associated with sensing the bias field wg. The finite-T' average sensitivity is
more oscillatory, while the exponentially-weighted sensitivity is smoother. |S) and |T;) as initial
states minimize the sensitivity for shorter times in both curves, whereas |T'.) clearly minimizes the
exponentially-weighted sensitivity for longer times, in the time interval considered. The oscillatory
character of the finite-T" average sensitivity makes it hard for trends to emerge. Changes in the
curve shapes and in the best performing initial state illustrate that optimal magnetometry depends

nontrivially on both the time parameter and the operating point.
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Fig. 16: Sensitivities for the operating point “t = 10. The vertical line marks the characteristic
interrogation time associated with sensing the bias field wg. The finite-T average sensitivity is more
oscillatory, while the exponentially-weighted sensitivity is smoother. |S) and |T%}) as initial states
minimize the sensitivity for shorter times in both curves, whereas |T';.) clearly minimizes the sensitivity
for longer times, in the time interval considered.
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Fig. 17: Video of the sensitivities for operating points from £ = 0.1 to 10. The finite-T" average
sensitivity is more oscillatory, while the exponentially-weighted sensitivity is smoother. Changes in the
curve shapes and in the best performing initial state illustrate that optimal magnetometry depends
nontrivially on both the time parameter and the operating point. 70 of 139
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We can also investigate the time interval through which magnetometry works well. For small

xr = QET,
5

F(T,we) = 2z + z cos(x) — 3sin(z) = g—o +0(27), (66)
so that
a*wg  (QT)® aPweT?
8TQZ 60 180 ©7

we can conclude that the slope contribution from the bright population sector is strongly
suppressed at short times:
Ax T, (68)

This result reflects the fact that the finite-7" average yield is almost magnetoinsensitive at
short interrogation times, because there has not been enough time for oscillatory dynamics
to build up a measurable field dependence. In addition, the coherence term B is also
suppressed at short times for the same general reason: no appreciable bright-dark phase

has accumulated yet. So one (trivially) expects 7e(T') — oo as T — 0.

It turns out that very long experimental or averaging times are not automatically good either:

even if the slope term stabilizes, the sensitivity still carries an overall factor /7.

Taken together, the two preceding observations indicate that using (||S(f.w))|")r as a
magnetometry signal typically requires a finite optimal time window. If T"is too short, there
is no phase accumulation and the slope is too small; if 7" is too long, averaging washes out

useful structure and the /T factor hurts the sensitivity.
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Take-home messages

. Quantum sensing tools, such as magnetometric sensitivity, can and should be used to

describe and understand radical-pair dynamics.

. For this lossless, symmetric toy model, magnetometry operates best at a finite bias,

e.g., perhaps, the geomagnetic field.

. With respect to the initial spin preparation, the derived magnetometric sensitivity is

determined entirely by A and ..

. Using the bright-dark framework, the optimal magnetometric state is one that balances
dark-state phase memory with bright-state readout, as captured by optimization over

the two parameters (A, Y).

. In general, sensitivities are complicated functions of (A,Y), of the ratio between
the bias field’s Larmor frequency and the hyperfine strength, and of the averaging
interval. While some insights can be obtained (for example: the equiprobable maximal
mixture of initial spin states is indeed bad for magnetosensing; if no initial population
is in the |Ty) manifold, optimal initial spin states are either pure |S) or pure |T})), a

comprehensive understanding requires numerics.
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7. Discussion

Radical-pair magnetosensing is fundamentally an interferometric process. Our central
message is that the sensing is carried by coherent electron spin superpositions, in much
the same spirit as a Ramsey-style measurement. What the chemistry ultimately reads out
is not the phase directly, but the time dependence that the phase imprints on the singlet

population and on singlet-derived yields.

The analytical power of this work comes from choosing the simplest model that is still
physically informative. The system consists of two spin—% electrons, one effectively free
and the other hyperfine-coupled to a single spin—% nucleus, with no direct interaction
between the two electrons. The hyperfine interaction is taken to be diagonal and isotropic,
with strength a, and an external static field produces an electron Larmor frequency w. By
working in the experimentally relevant singlet-triplet basis and allowing generic incoherent
initial spin preparations of the form |7’ ), 8|T%), v|7-), and (1—a—5—7)|.S), we can solve the

dynamics exactly and compare the zero-field, high-field, and long-time limits in closed form.

That exact solution reveals a bright-dark decomposition that clarifies much of the familiar
radical-pair phenomenology. In the appropriate basis, one sector is symmetry-protected
and dark to spin mixing, while the other participates in oscillatory spin mixing. The singlet
population signal, as well as the singlet yield signals, are therefore a sum of three qualitatively
different pieces: a constant dark-sector contribution, an oscillatory bright-sector
contribution, and an oscillatory bright-dark coherence term. The oscillatory terms exhibit a
rich frequency structure that, to our knowledge, had not previously been analyzed in detail.
In more realistic anisotropic Hamiltonians, especially in the presence of loss, the dark sector

will in general be only ‘approximately dark’.

Within the bright-dark viewpoint, the particular behavior at exactly zero field (which becomes
a singularity in the long-time limit) is best understood as phase-locking. The bright-dark
coherence contains a stationary relative phase when w = 0, which stays sign-definite and
survives long-time averaging; this indicates that the triplets are exactly degenerate, and

their dynamics can interfere coherently. For any nonzero field, that contribution oscillates
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and averages away because the triplets are no longer degenerate. The so-called ‘low-field
effect’ in the singlet yield curves is therefore produced by the survival of a special coherence
term at exactly zero field, being tied to coherent interference and indeed resulting in ‘more
mixing” of a particular type described below. The sign and visibility of the low-field effect,
similarly to multiple other dynamical features, are controlled by the initial preparation of
the |S) and |7,) manifold. The decisive quantity is the imbalance between the initial |5)
and |T,) populations. In the bright-dark language, that imbalance sets the strength of the
relevant coherence term. If the two populations are equal, the frequencies that create the
low-field feature are absent, so an initial |S) < |7;) imbalance is necessary, though not
by itself sufficient, for the effect to appear. In the strict t — oo limit, the low-field effect
does appear as a dip (peak) in the singlet yield curves when there is a larger (smaller) initial
population in |S) than in |T;), which is consistent with well-known experimental results. In
addition, and in agreement with all the observations above, once a magnetic field becomes
nonzero, one can identify a qualitatively distinct field-sensitive contribution in the imaginary
part of the |S) <+ |T) coherence, which controls population transfer; similar contributions
are absent from the imaginary parts of the |S) < |T.) coherences. This should not be
interpreted as the appearance of a new Hamiltonian pathway, since the |S) « |T) and
|S) <> |T%) population transfer channels are all already dynamically active at zero field. This
contribution, however, does enhance the mixing between |S) « |Tp): this is the origin of
the ‘pathway between |S) and |T;) that opens’, in the chemists” parlance, when a nonzero

field is applied.

The bright-dark interpretation also explains why states that are useful for magnetometry
are not simply those that maximize dark-state weight: the most informative preparations
are those that retain dark-sector phase memory while still coupling strongly enough to
the bright sector to produce a readable signal. In addition, we suggest that, within this
lossless model, magnetometry is more likely to occur around a finite bias field than exactly
at zero field. The first-order sensitivities derived for the singlet-yield observables do not
imply practical linear sensing at w = 0, because the signals considered here are even in w
and lack the needed nonzero slope. The discussion therefore points toward sensing about a

nonzero working point, plausibly something like the geomagnetic field, while still allowing that
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each protein or local molecular environment could define its own effective bias. Additional
Hamiltonian terms beyond the present toy model could in principle (and likely) break the
symmetry and make a genuine zero-field linear response possible. Moreover, even in this
stripped-down model, the question of which initial spin state is best for magnetometry does
not have a universal answer. Performance depends on the bias field, the hyperfine strength,
the averaging time or radical-pair lifetime, and the initial spin state. Still, the optimization
problem simplifies dramatically: the sensitivity depends only on two combinations of the
initial populations, which measure the total initial population in the {|S),|T,)} sector and
the imbalance within that sector. The magnetometry analysis also makes clear that either
pure |.S) or pure |Ty) will necessarily minimize the sensitivity in the special case when no initial
population is within |77.), and why the maximally mixed state is poor for sensing. Infact, in this
toy model, an equiprobable initial mixture of |S), |Tq), |T), and |T_) produces no magnetic
field-dependent modulation of the singlet population; some degree of state preparation is
therefore required. This is an important conceptual point, because it connects radical-pair

sensing to the broader language of bona fide quantum sensing, which requires initialization.

A related insight is that the existence of the low-field effect and good magnetometric
performance should not be conflated. The low-field singularity is caused by the survival of a
stationary coherence term at exactly zero field, whereas useful first-order sensing requires
operation at a bias point where the signal changes linearly with field. Those are different
requirements. A configuration can therefore be poor for generating a dramatic low-field
feature and yet still be compatible with good magnetometry; conversely, a conspicuous

zero-field structure does not by itself guarantee good finite-bias sensitivity.

Across all of these results, a single internal parameter organizes the scale of the problem:
the hyperfine strength a. It defines the natural oscillation rate of the coherent dynamics,
including the surviving frequencies in the limits of zero and very high fields; in this sense, a
sets the ‘internal clock’ of the radical pair: appreciable coherent singlet-triplet population
transfer happens for times longer than ~ % The hyperfine strength also determines the
overall magnetic field scale at which extrema in the yield curves appear (they appear as linear

functions of a). Even the magnetosensitivity formulas simplify when written in dimensionless
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form, because the relevant control variables collapse naturally onto ratios such as ¢. This
makes the toy model especially transparent: although the dynamics are rich, the internal

scale that governs them is easy to identify.

Again, at its core, thisis a story of interference: most of the phenomena investigated here are
simply different facets of the same coherent interference process. At the most basic level,
destructive interference is what isolates the dark state and organizes the dynamics into bright
and dark sectors. Once the singlet signal is reconstructed in the physical {|S),|Ty),|7%)}
basis, interference reappears through the bright-dark coherence term. Coherence also
clarifies why the zero-field point is singular: at exactly zero field the system cannot
energetically distinguish between the triplet substates, so amplitudes propagating through
different triplet channels can interfere coherently indefinitely in this lossless model. The
moment a field is turned on, however small, the triplet substates acquire distinct energies,
their relative phases begin to drift, and the interference ceases to be stationary. For the
same reason, coherence also enters the explanation of the singlet yield curves: it shapes
them, and the bright-dark coherence term is precisely the contribution responsible for
the low-field effect. Finally, the same interference physics underlies the magnetometric
trade-off between retaining dark-sector phase memory and maintaining enough bright-

sector participation for readout.

For all its simplicity, the model remains valuable precisely because it isolates the coherent
mechanisms so cleanly. By neglecting recombination, decoherence, and exchange, dipolar,
and anisotropic hyperfine interactions, it creates an idealized dark sector that is perfectly
decoupled and a zero-field discontinuity that is correspondingly sharp. Real radical-pair
systems will soften both of those features: dark states become only approximate, singularities
broaden into finite-width structures, and additional interactions may either suppress or
enhance low-field signatures depending on how they reshape the signals. Even so, the toy
model provides a rare analytical benchmark and a clear conceptual starting point for more
realistic treatments, including full open quantum system dynamics with distinct singlet and

triplet rates, and explicitly directional magnetic field control.
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8. Conclusion

We developed a physicist-friendly primer on the simplest radical-pair model. The
Hamiltonian was defined explicitly and solved analytically, and the resulting spin dynamics,
singlet signal and yields, and magnetic field sensitivity were analyzed in closed form.
Decoherence and spin-selective recombination were neglected in order to isolate the basic
coherent mechanisms at play. Even within this minimal setting, the model already reveals a
rich structure: the analogy with Hamiltonians similar to those found in electromagnetically-
induced transparency physics; the role of the ensuing bright-dark coherence; features of

curves that are experimentally relevant; and magnetometry-optimizing criteria.

A particular advantage of the present treatment is that all central quantities can be written
analytically and explored using both the accompanying SymPy code and the embedded
Mathematica-generated interactive plots. Although exact expressions are sometimes too
cumbersome to be maximally intuitive on their own, they become much more transparent
when combined with limiting cases, such as w — 0, w — oo, short and long interrogation
times, and fast or slow lifetime weighting. In this sense, the toy model provides both a

solvable benchmark and a conceptual guide for more realistic radical-pair descriptions.

The natural next step is to move beyond the closed Hamiltonian picture and treat the full
open quantum system dynamics with distinct singlet and triplet recombination rates, ks and
k.

A further extension will be to include explicit magnetic field control through transverse field
components w, and w,, so that the field is no longer described only by its magnitude. This
should make it possible to study directional control, anisotropic response, and more realistic

magnetometric protocols.

The hope is that the present primer serves as a clean analytical starting point from which

these more realistic calculations can be systematically developed.

No pathways were harmed, opened, or closed during these calculations.
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Supplementary Information



sl+. Notation table

symbol definition

field and dynamical parameters

w electron Larmor frequency due to a constant external magnetic field, w = “Z—B
a isotropic hyperfine coupling strength, assumed here a > 0

Q effective oscillation frequency, Q = va? + w?

0 mixing angle, 6 = &

state amplitudes and density matrix

| X (t)) component of the state | (¢)) along | X), | X) (X (t))
HX(t)>‘2 population in state | X) at time ¢, () ()| X ) (X|(t))
pxy(t) density matrix element between | X) and |Y'), (X|p(¢)|Y)

initial state populations

o' initial population in |77 )
g initial population in |Tp)
v initial population in |7_)

(1 — a — 8 — ) initial population in |S)

) total initial population in the {|S), |Tp)} sector, ¥ = (1 —a——7)+

A initial population imbalance in the {|S), |Tp)} sector, A= (1 —a——7) =0
¢ polarized triplet imbalance, { = a — v

yield definitions

T observation window used in the finite-7" average singlet yield

([|S(t.w)) ")z finite-T average singlet yield

k radical-pair recombination rate used in the exponentially-weighted singlet yield
D (w) exponentially-weighted singlet yield

magnetometry notation

7 shot noise-limited magnetometry sensitivity

WE electron Larmor frequency due to the geomagnetic field

Qp effective oscillation frequency under the geomagnetic field, Q = \/a? + wg
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sl2. Hamiltonian definition: extended discussion

We reconsider the Hamiltonian generating the electron spin dynamics of interest, Eq. (1).

We let the magnetic field be along all directions in the lab frame, B = (B:, By, B,); and we let

the hyperfine tensor be expressed in its most generic form, which is symmetric (4, = Ay;):
Ape Azy A

A= |4, A, A, | (SI)
Az A, A

antisymmetric components of the hyperfine tensor generally arise only when relativistic
spin-orbit effects are included. Fermi-contact terms are obviously symmetric, since they
are proportional to 13, where 13 is the 3 x 3 identity matrix, and dipole-dipole interaction

terms yield symmetric, traceless contributions.

The Hamiltonian now reads:

~ ~ ~ A ~ ~ A ~

H = W:r(S:B,l + 52,2) + Wy(Sy,l + Sy,Q) + wz(Sz,l + SZ,Q) + 52 “A- f ’ (SI 2)

where the Larmor frequencies of the electrons are given by w, = %, forq = {x,y, z}.

Solving for the energies in the above basis yields the equivalent diagrams of Suppl. Figs. Sl1
and Sl2, depicting regimes in which the externally applied magnetic field is, respectively,
much smaller (larger) than typical hyperfine interaction strengths along a quantization axis,
say along z. These figures differ from those in the main text in that the subindex . is kept in

w,; and in that the term A.. has not yet been replaced by the main text value’s a.

In turn, solving for the couplings in the above basis results in the somewhat unilluminating
diagram of Suppl. Fig. SI3. Defining the following constants, which are the absolute values of

complex matrix elements, where the choice of sign is determined by the specific coupling
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being considered:

0, = ii(Am +iA,.)| (S1°3)
1
1 .

Cs = im(/lm — Ay, £20A,,)| ; (SI'5)
1 .

BT = im[/lmz + 4w, £i(Ay, + 4wy)]| ; (SI 6)

_ 1 .
B = :tm[Am —dw, £i(Ay, —4wy)]| , (S17)

we plot the slightly less cumbersome couplings diagram of Supplementary Fig. Sl4. C, Cs
and (5 are uniquely a function of the hyperfine tensor, whereas B* depend both on the
hyperfine tensor and on the transverse magnetic field (via the terms on w, ,). Note that, for
simplicity, in this figure, the only couplings that have retained their sign are the |S) < |T})

couplings +4z=.

Arguably, the simplest hyperfine tensor that reproduces key experimental features of the
radical-pair model is the diagonal tensor for which A,, = A,, = A.. = a. In the main text,
we assume a > 0; it is our understanding that, if a < 0, none of the qualitative conclusions
of our work changes. Changing the sign of a changes phase and coherence conventions but

leaves the population and yields observables studied here invariant.

Using a, the much simplified resulting couplings diagram is depicted in the main text in
Fig. 3. There are smarter choices of parameters that simplify calculations, for example
Ay = Ay = %ﬁ and A.. = a. However, here we want to demonstrate that an isotropic
hyperfine tensor in the lab frame is enough to reproduce most well-known features of the
radical pair mechanism; the exception is magnetic field directionality sensitivity, which will
not arise with an isotropic hyperfine sensor for the following reason. Because the tensor has
the form A = a - 1, the hyperfine interaction is simply a - S5-I, which is rotationally invariant:
it does not single out any preferred molecular axis. If, in addition, the Zeeman coupling

is isotropic (same scalar g-factor for the electrons) and there are no other anisotropic
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interactions (for example, dipolar interactions), then changing only the direction of the
applied magnetic field amounts to a global rotation of the coordinate system. Such a
rotation changes the basis labels but not the energies or any basis-independent observable,
so the dynamics will only depend on the scalar field strength |B|, i.e., on w = pug|B)|,
and not on the orientation of B. In other words, an isotropic hyperfine tensor can still
produce a magnetic field effect with respect to the magnitude of the field, because ]§|
competes with the hyperfine scale a, but it cannot by itself encode compass-like directional
information: directional magnetosensitivity requires a fixed anisotropy in the molecular
frame (for example, an anisotropic hyperfine tensor or an anisotropic g-tensor) so that

rotating B relative to the molecule changes the Hamiltonian in a physically meaningful way.

88 of 139



Y omell + A /A - o

— = — —
S~ S S
o O O O

‘T—> %Y ‘T> - Azz/4 — Wy

Suppl. Fig. Sl1: Energy level diagram (diagonal terms of the Hamiltonian 7 of Eq. (SI 2)) in the low
external magnetic field regime (v, < A,./4; typically, e.g., geomagnetic conditions). Quantum
states are labeled in the basis |electron spins) ® |nuclear spin). The quantization axis is along z. The
exact Zeeman splitting between the |7) and |T’;.) manifolds is 2w,; this term does not dominate the
energy structure and is a perturbation on top of the hyperfine coupling A... The hyperfine coupling
A, dominates the energy structure, creating a clear separation between nuclear spin manifolds.
Transverse magnetic fields (along x, y) induce transitions between quantum states and do not appear
here. (The electron energies could be time-modulated by w. () = wP® + W€ cos(2n f.1).)
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Suppl. Fig. SI2: Energy level diagram (diagonal terms of the Hamiltonian # of Eq. (S| 2)) in the
high external magnetic field regime (w, > A../4). Quantum states are labeled in the basis
|electron spins) ®|nuclear spin). The quantization axis is along z. The exact Zeeman splitting between
the |T_) and |T';) manifolds is 2w,; this term dominates the energy structure. Transverse magnetic
fields (along x, y) induce transitions between quantum states and do not appear here. (The electron
energies could be time-modulated by w, (t) = wP® + wAC cos(27f.t).)
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B within nuclear |1) manifold

B within nuclear |]) manifold

M nuclear flip only

“““ B |S) <> |Ty) coupling

e \ , |S) « |T,.) coupling

"""""""" 4 |S) « |T_) coupling
R~ B |T,) < |T}) coupling

M |Ty) <> |T-) coupling
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Suppl. Fig. SI3: Couplings diagram (off-diagonal terms of the Hamiltonian 7{ of Eq. (S| 2)) for a
generic (symmetric) hyperfine tensor. Quantum states are labeled in the basis |electron spins) ®
Inuclear spin). The quantization axis is along z. Magnetic fields along the quantization direction z
change energy levels and do not appear here.
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B within nuclear 1) manifold
B within nuclear |}) manifold
M nuclear flip only

Ml |S) + |Ty) coupling

|S) <> |T'+) coupling

|S) «» |T_) coupling

B |Ty) <> |T4) coupling

N |Ty) < |T-) coupling

Suppl. Fig. Sl4: Couplings diagram (off-diagonal terms of the Hamiltonian H of Eq. (S| 2)) for a
generic (symmetric) hyperfine tensor, with defined constants for increased readability. Quantum
states are labeled in the basis |electron spins) ® |nuclear spin). Note that, in the text, the constants
C1, Oy, C3, BT, and B~ were defined as absolute values for simplicity; thus, in this figure, the only
couplings that have retained their sign are the |S) <> |T) couplings i%.
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s13. Solution for the singlet population and for the density matrix:
extended discussion

SI3.1. Signals for the full eight-level dynamics can be derived using the dynamics of only one

interacting three-state subspace

Here, we make explicit how the dynamics of the second subspace is related to the first

subspace’s, which was solved in the main text.

Using the basis {|S) @ |}) ,|7b) ® |{) ,|T-) @ |T)}, the Hamiltonian of the second subspace is

0 a __a
4 22
a a
Hs = - 0 (SI 8)
4 2v/2
e @ a
2V/2 22 4

One may also make the |S) <« |T;) symmetry manifest in the same way as for the first

subspace. Defining

_|To) +18) To) = 18)

D’ , B = , (S19)
D) NG |B) 7
so that
D) —1B) D) +1B)
S) = —"—F7+—, Ty) = —————,
then the Hamiltonian of Suppl. Eq. (S| 8) becomes, in the basis {|D’) , |B’),|T-)},
a
1 0 0
a a
— g 2 ¢ — . SI10
He 4 2 7t Ty )—=|T-), w——w ( )
0o L 9y
2 4

Suppl. Eqg. (S 10) makes explicit that the second subspace has exactly the same structure as
the first: |D’) is again a dark state, while the nontrivial dynamics takes place in the two-level
subspace spanned by {|B’),|T_)}. Therefore, once the singlet population dynamics has

been solved for the first subspace, the corresponding result for the second subspace is
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obtained by the replacements
T,y — |T-) W= —w, (SI 1)

together with the appropriate nuclear spin flip.

To understand Eq. (13), we note that the nuclear spin is by assumption incoherent and in a
maximally mixed state  (|1) (1] + ||) ({|); there are no interference terms between the two
interacting subspaces, because they live in orthogonal nuclear-spin sectors and because the
initial nuclear state carries no coherence between |1) and ||). Hence, the singlet population

signal is obtained by summing subspace probabilities, not amplitudes.

The full eight-level signal is thus given by Eq. (13), after identifying the second subspace

probabilities with the first subspace ones under the symmetries found in Suppl. Eq. (SI 11).
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In Supplementary Subsections S13.2 through S13.6, we explicitly derive the singlet population
expressions for particular choices of initial spin populations. Limits of these expressions for

w — 0, w — 00, and t — oo have already been presented in Tables | and .

S13.2. Case 1: |T) as initial spin state

In this case, |D(0)) =0, |B(0)) =0, and |7%.(0)) = 1. Thus,

B(t a . 0
(t) = etits . gTiHa : (S112)
T, (1) 1
Explicitly, this yields for | B(t)):
_ it e (A
IB(1)) = etith . e ( io sm(9)> . (S113)
Also, |D(t)) = e~®i |D(0)) = 0. Using |S(t)) = 'B(t”\;i‘D(t)) = ‘B\%”, we derive the signal:
2 L e g S a . ’ a® 2
15N Rovr,) @ =0 = | 75 €57 (<i g sin@)| = 5gzsin®). (5114

For an initial electron state 100% |T".) (fractions o = 1, § = 7 = 0), the true eight-level signal
is reduced by a factor of 1 relative to the 3-state subspace result, because only the |7,) @ })
branch participates in the interacting dynamics, whereas |T';) ® |1) is decoupled. We then
have:

2

- 2 a .
H~S(/)>‘1(><1%\T,jj> @ =0 = 402 5'n<9)2 : (S115)

In the absence of a magnetic field (w — 0),

) . 1. [at\?
H‘S<7L>>‘f()()%\’/" ) @ t=0 — Z sin (5) . (S116)

For very large magnetic fields (v — o0), the Zeeman splitting between |1},) < |7T7) is very
large; it is thus expected that, if the spin population starts in |7".), it remains trapped there

and never makes it to the singlet state. Indeed,
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. 2 _
wlﬁ;noo 1S () 1007y @ 1=0 = 0 - (S117)

Since we are assuming no loss takes place, the spin population coherently oscillates into

and out of the singlet state indefinitely. However,

S) o1y @ -0 €an be artificially

time-averaged; the assumption being that we perform an average for ¢t — oco. This yields:

CL2

<HS(IL')>‘T()(J%\J;> @ f:()>t—>oo = @ : (S118)

For very large magnetic fields, also as expected, lim,,_, . (

y 2
5@)”1(’)[’)%\14) @ /:(>>tﬁoo = 0.
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S13.3. Case 2: |T)) as initial spin state

In this case, [D(0)) = |B(0)) = 5 and |T;,(0)) = 0. Thus,

B(t L . L
(( )) —titi e [ V2 (S119)
T, (t 0
Explicitly, this yields for | B(t)):
B(t)) = — . e+t . e=it5 . (cos( +iZsin(g)) | (S120)
NG Q
and for |D(t)):
D) = e 5 . % | (s121)
Hence,
1S(1)) = % [e”t% L eTitE (cos(9)+i%sin(9)> —e—it%}
L e [ il W
=5-e [ l1+e (cos(&) +ig sm(@)ﬂ : (SI22)

whose absolute squared value can be analytically calculated to be

2
|]S(t)>\100%|T0> @t=0

2 02
(SI23)

For an initial electron state 100% |T;) (fractions 5 = 1, « = v = 0), the true eight-level signal
is obtained by averaging the contributions from the two interacting nuclear spin branches,
|To) ® |1) and |Ty) ® |}). Unlike the case of Supplementary Subsection SI3.2, neither branch
is decoupled, so there is no overall suppression by a factor of %; instead, the full signal is the

average of the two 3-state subspace signals related by w — —w:

y 2 1 2 2
H*S(f»‘fo(]% To) @ t=0 — 5 ( HS(tvw)>‘100%|To> @t=0 T HS(ta _w)>‘100%|To> @ tzo) : (S124)
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This yields:

} ~ 1 a® 1 at wt w . [ wt
50 i 0 = 5~ 3 @) = oos (5 ) Jeos(8)cos () + 55 sin@)sin ()]
(SI25)
In the absence of a magnetic field (w — 0),
) 9 1. [at)’
H*S(f»‘l)m% Ty) @t=0 = 3 sin (5) ; (SI26)
and, for very large magnetic fields (w — oo),
. » : _(at\®
wl'j;o Hb(f»ﬁ(m%m» @ =0 = SIN (Z) : (S127)
The signal can be artificially time-averaged to yield:
D 3a? + 4w?
( 5(‘)>‘i()(,)%\ﬂ,> @ 1—0)tm00 = TR0z (S128)
if w# 0, and
B 1
IS 100570y @ 1=0)t—00 = 3 (SI29)

if w = 0. Note that the long-time averaged signal is discontinuous between w = 0 and
w = 0T. This is not the case for the full signal of Suppl. Eq. (S| 25), which reduces smoothly to
Suppl. Eqg. (S| 26). The discontinuity in the long-time average signal arises because the limits

w — 0 and t = oo do not commute.

We can once more check a simple limit in the absence of decoherence. For w — 0o, Zeeman
splittings are large; it is thus expected that, if the spin population starts in |7}), it remains

coherently oscillating between |.S) and |Tp). Indeed, lim,, o (||S(1))] 5, Ty) @ t=0)t—00 = 3
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SI3.4. Case 3: equiprobable incoherent mixture of |7';.), |Ty), and |7_) as initial spin state

A more realistic spin starting condition is an equiprobable (classical) mixture of the triplet

states |T,), |Ty), and |T.); in this case (& = 3 = v = 3), we have simply:

‘ 1 1
Y 2 2 2
5(/)”% Ty, L|To), 3|T-) @ t=0 — 6 ||S(t,w))|100%‘T+> @t=0t 6 ||S(t, _w)>|100%|T+) @ t=0

1
+ 6( 1S(2, W)>’?00%\T0> @i=0 T |1S(t, _W)>|?00%\T0> @ t:0> :
(SI 30)

The signal can still be analytically calculated with the help of symbolic computation software:

} 9 1 a® 9 1 at wt w . [ wt
IS Lz, 21y, 117y @ =0 = AT sin(0) — €08 (5> {cos(@) cos (;) +9q sin(6) mn(;)}

(S 31)
In the absence of a magnetic field (w — 0),
. 9 1. [(at\?
b(UHgm. 51T0), 31T-) @ t=0 = 4 sin (?) ’ (S1'32)
and, for very large magnetic fields (w — o),
) ; 9 1. [at)’
w“—@o H5<7L>>‘%u‘+>, 51T0), 317-) @ =0 = 3 SIn (Z) : (S1'33)
The signal can be artificially time-averaged to yield:
y 2 5@2 + 40&)2
<‘ 5<7L)>’£\/ ), L|To), 3IT-) @ ¢ (J>tﬁoo = W (SI'34)
if w0, and
Y 2 1
SNz, 11, 317y @ 1=0dms00 = (S1 35)

if w = 0. Note that the long-time averaged signal is discontinuous betweenw = 0and w = 0+.

For large w, Iimw%O(HS(tmi‘.,,‘ L L @ o)t—es = @S expected.
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SI3.5. Case 4: |S) as initial spin state

For an initial electron spin state 100% |S) (o« = 5 = v = 0), a calculation similar to those

above yields for the subspace signal:

2
||S(t)>’100%\s> @t=0 —

i 1+ cos(6)*+2 cos(f) cos ((a 2 W)t) += 5;;(9) <w sin(8)—2€2sin ((a _QW)t)ﬂ '

2
(SI 36)

We highlighted in red the only two signs that make the above expression differ from that for

HS(tmeo%lT0> @ 1—o Note the (expected) high symmetry between the two results.

The true eight-level signal is obtained by averaging the contributions from the two interacting
nuclear-spin branches, |S) ® |1) and |S) ® |]). Since neither branch is decoupled, the full

signal is the average of the two 3-state subspace signals related by w — —w. We obtain:

R 1 a® 1 at wt w o, . [ wt
500 e o 0= 5~ Sy 008 (5 ) [eostoyeos (5 ) + 5 sm@ysin (%5 )|

(SI 37)

The above expression differs from |[S(1))[7,.., 1) @ i—o Only in the sign highlighted in red.

In the absence of a magnetic field (w — 0),

y 2 3 . (at\’
S (ﬂ”l(l()%\b‘) @t—0 = 1— 4 sin 9 ) (S138)
and, for very large magnetic fields (w — o0),
at\’
. Y 2
wligo 1)) l100%s) @ =0 = €OS (Z) : (SI'39)

We can, as usual, artificially time-average the signal to yield:

y 2 3@2 + 40&)2
*5<f)>‘100%\,5’> @ oMtoo = o (SI40)

< 822
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if w# 0, and

5

<HS<[’>>‘T(J()%\S> @ f:o>t—>oo - g (SI 41)

if w = 0. Note that the long-time averaged signal is discontinuous between w = 0 andw = 0*.

For high fields, we indeed find lim,,_,.(

S<[>> ‘f()()%\sj) @ f:()>t—>00 = %, reflecting the fact that,

in the absence of decoherence, the singlet population continues to oscillate coherently

between |S) <> |Tp) indefinitely.
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SI3.6. Case 5: equiprobable incoherent mixture of |1';), |Ty), |7 ), and |S) as initial spin state

A maximally incoherent electron-spin starting condition is an equiprobable incoherent
(classical) mixture of the four states |77.), |To), |T-), and |S); in this case, we have simply
a=pF=v= }1. Using all the expressions derived above, we obtain:

‘ A

, 1 1
y 2 2 2
S</>>‘%\T7>. ) 31T, T g ||S(t,w))|100%‘T+> @i=0 T S |[S(2, _W)>|100%\T+> @ t=0
118) @ t=0

1 2 2
+ g( 1S (¢, W)>|1oo%\To) @t=0 T IS¢, _w)>|100%\To) @ t:o) (S 42)

1 2 2
+ 5 (18D o) @ =0 + 150t =) oosis) @ 10 )

| — 00|

This is to say, when all electron spin states are initially equipopulated, the singlet population
is time-independent: there is no magnetic-field effect and no coherent signal modulation.
Hence, quantum sensing in proteins necessarily relies on some degree of spin initialization,
at least for this simplified toy model, in the sense that the initial electron spin state cannot

be a maximally incoherent mixture of all possible states.
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SI3.7. Derivation of the meaning of the real and imaginary parts of the coherence

The relation between coherence and population transfer can be seen explicitly in a generic

two-level problem. Consider a Hamiltonian

B, J
H=|"" , (Sl 43)
J By

where J is the off-diagonal coupling. In the considered radical-pair toy model, J plays the
role of the singlet-triplet mixing term in the Hamiltonian, analogous to an external ‘drive’. In
turn, the magnetic field contributes instead through the energy difference (F, — E5). Writing

the density matrix in the same basis, the evolution equation p = —i[H, p| gives

pll =-2J |m(p12) , (Sl 44)
,022 =+2J |m(p12) , (SI 45)

so the imaginary part of the coherence is directly proportional to the instantaneous
population current between the two states. On the other hand, the evolution of the

coherences follows
,512 = —i(El — Eg)plz — ZJ(pQQ — Pll) . (S' 46)

The evolution equation for p;2 shows two things: the energy splitting (E; — E3) causes
the coherence to precess, rotating its real and imaginary parts into one another, while
the off-diagonal coupling J converts population imbalance into coherence. Since the
population currentis proportional to Im(p;2), the real part Re(p;2) does not directly represent
transfer, but for (E; — E;) # 0 it can be converted into Im(p;2) and thereby influence the

transfer dynamics.

103 of 139



SI13.8. Particular case in which population transfer is quenched at zero field, but allowed for

nonzero fields: not a new pathway

Under particular circumstances, a small nonzero field can produce a nonzero imaginary part
in a coherence channel whose imaginary part vanishes exactly at zero field. This, however,
does not signify the appearance of a new Hamiltonian coupling. Rather, the zero-field
result can arise from a cancellation between contributions that is specific to the initial state

preparation. We illustrate this with an explicit example.

Take the |S) «» |T'.) coherence in the first subspace, given by Eq. (27). Its imaginary part is

a . (a —w)t
Im ) = sinf | A cos +(2X —1-)cosb| . (S1 47)
(psm, (1) = 1 sind | Acos(U 5 ) 4 2 - 1
In the zero-field limit this becomes
1 .

Im(psr, (1)) = Wi (22X + A —1—)sin(at) . (SI 48)

Hence, for specially chosen initial populations satisfying
2X4+A-1-¢)=0, (S 49)

the imaginary part vanishes identically at w = 0, even though the coherence channel itself is

allowed by the Hamiltonian. For example, choosing > = g A= }l, and ¢ = 0 gives

Im(psr, (1)) =0. (S150)
For any small nonzero field, however,
Im(psr, (t)) = © _sing [cos((a — w)t) — cos 0] (SI 51)
pST+ - 16\/§Q 2 Y

which is generically nonzero for ¢ # 0.

Thus, a weak field removes a zero-field cancellation between contributions whose exact

balance depends on the initial state preparation. The resulting nonzero imaginary part
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should therefore not be interpreted as the opening of a new Hamiltonian pathway, but
as the lifting of a preparation-dependent cancellation already present in the zero-field

case.
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SI3.9. Ourresults are consistent with a previously published result, I/1l

Our present results are consistent with a previous result from the literature [21] in which
density matrix elements were calculated for a similar toy model that differs from ours just
on their assumption that, when any population hits the singlet state, it is instantaneously
removed. The initial population considered was an equiprobable mixture of all triplet states,
a=p=v= % (i.e., % of the total population in each of the six triplet states, considering the

full eight-level dynamics).

Without explicitly using this language, what was essentially calculated was the density matrix
for all states that do not participate in the spin-mixing dynamics: the isolated |7%.) states, in
addition to the remaining triplet components that do not couple to the singlet state, |x) =
co|To) +cx |Tk) and |x') = ¢ |To) + .. [T%). For the first (respectively, second) subspace, we
can use H; (H5) and determine |x) (|x")) via (S|H1|x) = 0 ((S|H5|x) = 0):

2 1
\X)Z\/;!TO%LEITQ, (S 52)
)= /2 T+ = ) (5153)
X)) = 3 140 3

Note that | ) (]x')) is the same for w = 0 and w # 0. However, |x) (|x’)) is only an eigenstate of
H1 (Hs) for w = 0. The formulas above correspond to a normalized version of the triplet-only
zero-field eigenstates calculated in [21] (|x) is state |10) in the paper; it also corresponds to
the state that has J = 2, m; = 1, and S = 1 in the paper’s notation; |y') is state |12), with

J=3,my;=-1and S =1)

The expression for the surviving density matrix of that paper is obtained by:

1 1 1 1
puarting = = (ITT4]) + < (PO () + < (IT0@]) + = (WOT) - (5154)
first su‘t,)space second ‘sTJbspace

In particular, for example for the first subspace, the surviving projector component that has

no singlet overlap is:
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g(mxm) + é(mxm) + ? (I )T + §(|T0><T+|)

1

9v2

1
6
1
9

(1T (mol) + = (1Tl + g—jé(rmm) t o (Imp) : tsiss)

the above coefficients are identical to those of the paper’s Table | (c). The large-field limit

calculated in Table | (a) is also consistent with our results.

In other words, in the model considered, the reaction is assumed to instantaneously remove
the singlet-coupled component, leaving only the triplet population orthogonal to the singlet,
together with the population in the nonreactive triplet states. By contrast, in the closed
model considered here, the singlet population is retained and evolves unitarily. The two
approaches are therefore internally consistent, but they address different physical questions:
our closed model describes how radical-pair spin states evolve when no population is
lost, whereas Woodward’s model describes the radical-pair spin state that remains after

all singlet-reactive population has been removed.
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sl4. ‘Bright-dark” interpretation of the Hamiltonian: extended discussion

Sl4.1. The considered Hamiltonian is analogous to those found in the physics of

electromagnetically-induced transparency

This simple toy model of radical-pair dynamics has a Hamiltonian-level analogue of

electromagnetically-induced transparency [9], but with a different observable.

In a A-type electromagnetically-induced transparency system, the dark state is the
superposition that has zero coupling to a lossy excited state. Population pumped into
that state cannot absorb a probe (usually a laser), so the medium becomes ‘transparent’
to that probe. In other words, typical optical electromagnetically-induced transparency
experiments measure how much population avoids the bright channel: the dark state is dark

to the driving field, and therefore avoids the lossy excited state.

In the radical-pair case, chemical experiments can measure how much population avoids the
bright spin-mixing channel — but the observables are not absorption, but rather the singlet
population, or the integrated singlet yield (for the latter, see Section 5). More dark-state
trapping means less participation in the oscillatory bright (or spin-coupled) sector, but
both the instantaneous singlet population and the yield also depend on the strength of the

bright-dark coherence term.
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Sl4.2. Explicit derivation of signal contributions from the bright and the dark sectors

Using dark and bright state bases, for example {|D) ,|B),|T)}. we will show that the signal

2

LSy sy ) (1o 5-)15) @ o Can be decomposed into contributions from both the

dark and bright state populations, and from the bright-dark coherence.

We saw in Section 4, Eq. (38), that the signal in one subspace is given by
1SEN* = 3 (IBOY + ID1)) — Re [psn(t))-

For the subspace spanned by the basis {|D) ,|B) ., |T;)}, the 3 x 3 density matrix is, at t = 0:

(I-a—pF—17)
2

0) = ST + ST + SIER (5156)

whereas, for the subspace spanned by the basis {|D’) , |B’),|T_)}, itis:

o0) = 2y + iyl + S22 g, (5157)
Explicitly,
Dimy i+ S0P 15051 = - L2020 (1) 81+ D) ()

U= 0=0 =015y (D) + D) (8]

= Z(1By@I+ 10y 0)) - T (18) (D] + D) (B])

(S158)
At t = 0, the populations and coherences then read:

2 l—a—~vy X
1B = —— =5 (5159)

2 l—a—~vy X
IDON" = —F—= 7> (SI 60)

l—a—0F—9)— A

pop(0) = —\E=@=B=n=8 4 (S1 61)

4 4

Now, the dark state population does not vary in time because it is decoupled, so
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D) = D)2 = L2 =T -2

(S162)

For the bright state population evolution, we need to use Egs. (11) and (12). If we start in | B),

we end up in |B) at time ¢ with a probability

2
2 a®
1B io0%i5) @ =0 = 1 = g Sin(0)"

whereas, if we start in |7.), we end up in | B) at time ¢ with a probability

(IQ )

’|B<t>>ﬁ00%\T+) @t=0 " ()2 sin(0)” .

Hence, generally in the first subspace,

+——sin

1 — —sin
2 Q)2

B = —5 5

402

2:1—(1—7( a (0)2> oa (0)2:%+(1—22+Q)a

By symmetry, for the second subspace, we have:

2 2

1B = 2= (1 e sin(9)2) + 12 Gin()? = %+ (1-2% - ()a?

4 Q2 202 402

(S1 63)

(S 64)

sin(6)* . (Sl 65)

sin(9)*. (Sl 66)

The evolution of the bright state populations for the eight-level system is obtained by

averaging the two subspace expressions, because the two nuclear spin manifolds enter

the full signal with equal statistical weight of %:

l—a—v (1-2a—2v)a®

(1B + 1B 0)) = —— - 2= sin(0)* = -

DN | —

Y (28 —1)a?
4Q)?

sin(6)” .
(SI 67)

Performing similar calculations for the coherences (as previously done in Eq. (39)), in the first
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and second subspaces, we obtain, respectively:

pep(t) = — %ei(““)t/z (cos(&) + z% sin(&))
= % { (cos(&) cos((a ;w)t) - %sin(@) sin((a ;w)t)>
+1 (cos(&) sin((a ;w)t> + % sin(0) cos((a ;w)t)> } : (SI 68)
(1) = — 3 12 (cos(0) — i sin(s))
a+w

=

:_%[ (cos(&) cos(( 5 )t) +%sin( sm<
+1 (cos(@) sin<( EW ) %sin(& cos( wit

Taking the real parts and adding them gives

—%COS (%t) {COS(Q) cos (%) +%sin(9) sm(u;tﬂ . (SI 70)

Since the singlet projector contains a term in minus the real part of the coherences, the

~))
)

} (S1 69)

bright-dark coherence contribution is

%cos (%) {cos(e) cos (%t) + %sin(&) sin (%t)] . (S171)

Putting all together,

2 )
1SN o, g o, = 5
(1—a— B—r )\s, @ t=0 N ,
dark-state population
Y22 -1a® .,
— ———=——sin(f
i {4 402 ()

bright-state population

+ % cos (%t) {cos(&) cos (%t) + % sin(0) sin <%t)} .

bright-dark coherence

(38)

After combining the first two terms, this becomes exactly Eq. (18).
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Sl4.3. Ourresults are consistent with a previously published result, 11/111

The only other paper we have identified that appears to note the decomposition of the

radical-pair Hamiltonian into dark and bright sectors is [10].

In that paper, the conclusion is that the dark-state population, rather than any coherence
term, determines the magnetosensitive observable (namely, the singlet yield) because the
relevant bright-dark coherence oscillates rapidly and is taken to average to zero on the
reaction timescale. In our formulation, meanwhile, the signal contains an explicit bright-dark
interference contribution and therefore depends directly on Re[ppp(t)], see Eq. (44) and
Supplementary Subsection Sl4.2 above. Moreover, in the singlet yields studied in Section 5,
this coherence contribution is not absent from the outset either: it is precisely the term
responsible for the low-field structure and, at exactly w = 0, it generates the stationary

contribution that remains in both the finite-time average and the lifetime-weighted yields.

The difference is therefore not that the two bright-dark decompositions are incompatible,
but that the observables and averaging procedures emphasize different parts of the
dynamics. In particular, for any w # 0, our treatment agrees with the work in [10] in the
strict long-time limit given by t — oo, where the vanishing bright-dark coherence does not
contribute to the asymptotic yield; the distinction arises because, away from that limit, the

same coherence remains essential to the zero-field and near-zero-field behavior.
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si5. Solution for the singlet yield: extended discussion

Supplementary Subsections Sl5.1, Sl5.2, Sl5.3, Sl5.4 concern derivations made for the
finite-7" average yield, (||S(t,w))|")r. Derivations for the lifetime-weighted yield @, (w) are

very similar and appear grouped in Supplementary Subsection Sl5.5.

SI5.1. The singlet yield curves contain oscillatory structure as a function of w, including for

w — 0: deriving the possible existence of the ‘low-field effect’

The normalized integrated signals of Table VII, regarded as functions of w at fixed T,
generally display a nontrivial oscillatory structure rather than simple monotonic behavior.
Indeed, finite-time integration leaves behind several oscillatory contributions depending
nonlinearly on w: besides the nonoscillatory background (i.e., the terms in é), the resulting
expressions still contain oscillatory corrections involving sin (Q7'), as well as the four sinc

terms entering through (7).

To identify the characteristic oscillation scales, in w space, of the singlet yield curves, we
inspect the w-dependent oscillating arguments entering the finite-7" average expressions of
Table VII. These are:

(atwx))T

(I)()(CU) =QT s @172,374(&)) = f . (Sl 72)
Linearizing locally around a given field value «’,
]
P, (w) ~ Dj(w') + C;—w] (w—u), (SI'73)

we obtain that each individual oscillatory term appearing in the finite-T" average expression
has a locally sinusoidal dependence on w with wavenumber

dd;
rj(w') = d_w]

; (SI 74)

UJ/

yielding a local oscillation scale of approximately
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Aw;(w) ~ (S1'75)
i) Kj(w)
Explicitly,
B |wl T w
/'io(u)) = Tﬁ s Hi((ﬂ) = E (1 :l: 5) y (SI 76)
so that
21 Q) 47
A ~— A ~N— | | 77
wo(w) Tl w+(w) T w/q) (S1'77)

Hence the normalized magnetic field effect curves are governed by several distinct field-
dependent oscillation scales, which in turn explain the appearance of the nonmonotonicity

and the local extrema as w is varied.

In particular, for w — 0,
Awp(w) — oo, Awy(w) = — . (SI78)

Thus, the sin(Q27") terms vary only slowly with w near zero field, whereas the sinc terms set a
characteristic low-field oscillation scale proportional to % Recall that the sinc terms arise
from IC(T'), and that in the singlet yield expression K(7") appears multiplied by a coefficient
proportional to the difference between the initial populations in |\S) and |T;), A. Therefore,
whenever the initial populations of |S) and |T;) differ, this nontrivial low-field correction is
present, and it generically allows for a low-field structure within a window in w of order %
However, the mere presence of this correction does not by itself guarantee a genuine dip
or peak in the singlet yield curve: such a feature requires the full curve to develop a turning
point at some low-field w,, i.e., that the curve’s first derivative with respect to w vanish at w,,
see Supplementary Subsection Sl5.2. In other words, the population imbalance condition
ensures that the nontrivial low-field correction term is present, but a genuine dip or peak
additionally requires this correction to be strong enough to cancel and reverse the slope of

the remaining terms in the full singlet yield curve.

The analysis above shows how a nonmonotonic feature can arise near zero field, and what
sets its characteristic width: in the finite-7T" average expressions, the sinc terms, which are

nonlinear in w, introduce a local field scale proportional to ,_lp Such a nonmonotonic feature
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in the singlet yield curve is commonly referred to as the ‘low-field effect’. Whether this
feature is actually present for a given initial spin state, and whether it generates a dip or a
peak, is determined by the sign of the first derivative with respect to w of the full singlet yield

curve, as detailed in Supplementary Subsection Si5.2.
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Si5.2. Deriving whether the low-field effect is a peak or a dip

In Supplementary Subsection Sl5.1, we derived why such a low-field feature might exist,
and in the main text we argued under which conditions it might be experimentally resolvable.
In turn, here we assess whether we can unambiguously characterize the feature as creating
a local dip or a local peak, as a function of the different spin initializations; the answer will

depend on whether the singlet yield curve develops a low-field turning point.

For general T, the resulting equations for this analysis are transcendental and not very
enlightening. In turn, the strict long-time limit 7" — oo can be analyzed exactly. In particular,
one can derive an explicit criterion for whether the magnetic field effect curve exhibits a
zero-field minimum or a zero-field maximum. In this time limit, talking about zero-field
minima or maxima is a slight abuse of language, as the magnetic field curve is discontinuous

at w = 0; however, we will derive that the extremum will appear at exactly w = 0.

For a generic incoherent initial state, o |T.), 51|T0), v|T-), (1 —a — B —~)|S), we already

established that, for ' — co and w > 0,

) ) : 3—2a—27)a? +4(1 — a — y)w? 1+ 2%)a? + 43Xw?
Fuolw) = Jim (|S(1.))r = e T4l - a - qj _ (1425) ,

802 802
(S179)
i.e., that we retrieve the results of Table |I.
Differentiating Suppl. Eq. (S| 79) gives
_ _ 2 _ 2
dFsy (1 —-2a—2y)a*w _ (2¥X — Da*w ' (51 80)

do — 4(a®+ w?)? 4(a? + w?)?

Hence, F.o(w) is globally monotone on |0, 0] (i.e., there is no extremum for w > 0); in

particular:

(22— 1) > 0 = F.y(w) is strictly increasing on |0, o] , (S181)
(2X—1) <0 = F.o(w) is strictly decreasing on |0, oo , (S1 82)
(22 —1)=0 = F.o(w) is constant on ]0, o0] . (SI 83)
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Therefore, in the strict long-time limit that we can easily solve for, the only possible

nonmonotonic feature is a singular feature at exactly w = 0.

To determine whether such a feature is a maximum or a minimum of the singlet yield curve,
one must compare the exact zero-field long-time value with the w — 0% limit of the w > 0

branch. Setting w = 0 in the exact finite-7T" average expression first, and then taking T" — oo,

gives
1 (I-a=3—-7) 1 (X+A4)
F(O)—8+ 5 =gt 1 - (SI 84)
By contrast, taking the w — 0T limit of Suppl. Eq. (S| 79) gives
. 3—2a—2y (1+2%)
+) — _ _
F(0") = wILrQ+ Foo(w) = S = g : (SI 85)
Subtracting Suppl. Egs. (S| 84) and (S| 85), one finds
F(O)—F<o+):((1_0‘_3”)_@:%, (S1 86)

that is, the discontinuity is proportional to the difference in the initial populations between
states |.S) and |Tj).

The discontinuity F'(0) — F(0+) in Suppl. Eq. (S| 86) therefore arises because a stationary
bright-dark interference term survives only at exactly w = 0; for any w > 0, however small,
that term oscillates and is averaged away. In this sense, we have proposed that the low-field
feature should be understood as the phase-locked limit of the coherence term, rather than

simply ‘more mixing at low field".

In the strict long-time limit for this toy model,

A > 0 (more |S) than |Ty) initially) = F(0) > F(0") (SI87)

and the curve has a zero-field maximum, whereas

A < 0 (more |T) than |S) initially) = F(0) < F(07) (SI 88)
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and the curve has a zero-field minimum. Finally,

A =0 (equal initial |S) and |Tp) population) = F(0) = F(0") (SI 89)

and there is no singular zero-field anomaly.

It is crucial to realize that a local zero-field maximum implies that the magnetic field effect
curve decreases for w = 0%, creating a dip for w > 0; and that a local zero-field minimum

implies that the magnetic field effect curve increases for w = 0%, creating a peak for w > 0.

We can summarize the results for the different initial spin polarizations in Suppl. Table Sl1.
The key message is that, in this toy model, and in the strict 7" — oo regime that we can
easily analyze without having recourse to numerics, the following is true: when the initial
|S) population exceeds (is less than) that of |T;), a dip (peak) in the magnetic field curve will

occur for low fields w > 0.

Finally, itis important to stress that this argument is only valid in the strict long-time limit T" —
oo. It proves the existence of a zero-field maximum or minimum relative to the w > 0 branch,
but does not by itself imply the existence of other finite-field extrema for finite 7". Rather, for

large but finite T, the singular zero-field anomaly is smoothed into a narrow low-field feature

1

7. see Supplementary Subsection Sl5.1),

whose width shrinks as 7" increases (on a scale
and any other extrema that might exist for w > 0 are not available in closed form in general

and must typically be determined numerically.
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initial state T — oo limit of low-field feature at w = 0
100% |T'
100% ||Tg>> is at minimum j peak for w > 0
1T, 2| To), 31T-) is at minimum = peak for w > 0
100% |S) is at maximum = dip for w > 0
T, 1Ty, 17y, 1[5) 7
ally), BTy, v|T-), 1 —a—F8—=7)]|5) depends on sign of A

Table Sl1: Character of low-field feature at w = 0, in the 7" — oo limit, determining if a dip or peak
occurs for w > 0, expressed for different initial spin initializations. All results are self-consistent.
In this T" — oo limit that is solvable without numerics, determining whether the low-field feature is a
dip or a peak depends on the imbalance of the initial populations between states |S) and |Tj): more
|S) (A > 0) means there is a maximum at w = 0, and hence a dip in the singlet yield curve for w > 0;
and more |Tp) (A < 0) means there is a minimum at w = 0, and hence a peak in the singlet yield curve
for w > 0.
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Using the results of this subsection, we can estimate the parameter commonly referred to in
the literature as B%. This quantity, with corresponding Larmor frequency w1, is defined as the
characteristic ‘half-field” parameter governing the magnetic field dependence of the singlet
yield. It typically encodes information about spin relaxation, radical recombination kinetics,
electron-electron couplings, and hyperfine interactions. In the toy model considered here,

however, B% and w1 depend only on the hyperfine interaction. We now derive wi.

A natural definition of the half-saturation field for the singlet yield curve is the field at which
the w > 0 branch has reached half of its total change between its w = 0 value and its
high-field plateau:

F(0) + F(o0)

5 (S190)

Foo(w) =

3
For finite T', the equation above is is generally transcendental; however, in the strict long-time
average, a simple expression for w1 can be obtained. We need, however, to modify the above
definition slightly to

_ F(0%) + F(o0)
)= 2

Foo(w (S 91)

3
because, for t — oo, w = 0 is a singularity and thus F'(0) is a singular point, not the endpoint

of the smooth finite-field expression for the yield.

In the strict long-time average, we saw previously that

(1+2%)a* + 43w?

Fuow) = lim (|[S(t.w))[")r = T : (S179)
with
F(07) _ +822 : (SI 85)
F() :g : (S 92)
Therefore,
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8(a? + w?) T2 s 3
_ Lo (1 93)
16
Multiplying by 16(a? + w?) gives
2(1 + 2%)a* + 8%w? = (14 6%)(a® + w?) . (SI 94)
Rearranging the equation we obtain
(1—-22)wi = (1 -2%)a*. (S195)
Hence, provided X # 3,
w1 =a. (S1 96)

Thus, within this toy model, the half-saturation field is exactly set by the hyperfine scale a,
which is consistent with the literature [22].
When ¥ = % the nonzero-field branch becomes

2 2
1
Foo(w) = % -1 (5197)

so the yield is completely flat for all nonzero fields. In other words, there is no meaningful

B% to define from the w > 0 branch.
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SI5.3. Deriving the initial spin states that maximize the visibility of the low-field feature

We derive two metrics showing that the maximum visibility of the low-field feature occurs

when the initial spin population is pure in |S) or in |Tj).

The first metric is related to the jump between w = 0 and w = 0", which we calculated in
Suppl. Eq. (S 86); its maximum absolute value is ;, which is achieved either for § = 1 (100%
|To)) or for « = 3 = v = 0(100% |S)).

The second metric is related to the jump between the zero-field value and the high-field

plateau value, which can be calculated to be:

F(oo) — F(0) =

1
- = ; SI 98
3 3 ; ( )

B
2

lts maximum value is for 3 = 1 (100% |T;)), F(co) — F(0) = 2. Conversely, its largest
magnitude when F(co) — F(0) < 0 s £, which is obtained whenever 5 = 0, i.e., for any spin
initialization with no population in |75). Thus, under the second metric alone, the strongest
downward zero-to-high-field contrast is not unique: any state with 3 = 0 maximizes it.
However, if one also wants this downward contrast to correspond to a genuine low-field dip
rather than merely a plateau offset, then the natural optimal choice is an initial pure |S) state

since it also maximizes the first metric.

More generally, any population placed in |7).) or |T_) reduces the amount of population

available in the {|S) ,|7})} sector and therefore weakens the genuine low-field structure.
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SI5.4. Deriving a field scale for the extrema of the singlet yield curve

A natural question is whether the global minimum or maximum of the singlet yield curve
occurs at a field strength set by the hyperfine coupling a, as heuristically claimed in the
radical-pair literature. In the present toy model, without numerics, we cannot demonstrate
whether an extremum occurs at w ~ a; however, we can demonstrate that the field location

of any nonzero extremum scales linearly with a.

Defining the dimensionless variables:

, T=al, (S199)

8
Il
SHES

we note that all singlet yield curves in Table VII can be written in the form
([S(t,w)[)r = fz,7), (SI100)

for some dimensionless function f. Therefore,

d , 2 10f
—{|S(t,w)| ) = - = SI101
dow <M>T a O’ ( )
and any interior extremum z, satisfies
orl - _y. (51102)
ox (2er7)
Hence, the field value of any extremum can always be written as
we = az (1) =ax.(aT) ~ a. (S1103)

Thus, in this toy model, the hyperfine coupling does set the overall field scale of the extrema,
although their precise locations depend on the dimensionless parameter a7 and must

generally be calculated numerically.
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SI5.5. Results for the exponentially-weighted singlet yield are similar

Using
> Ot 0?2
k ki — | dt = —— S1 104
[ etant () = e sHod

together with

k/oo e * cos At dt = Ap(N) with Ax(\) = Ak (S1105)
o 2 - R VT gk 4 a2

and the decomposition

one derives the entries of Table VIII.

The role played in Supplementary Subsection Sl5.1 by the sinc-based boxcar term IC(T') is
here played by the Lorentzian-like function K(w). For k < a and |w| < a, two of the four
arguments entering Eq. (48) are close to zero, while the other two remain of order «, so that
1 4k? K w

Kw==z—F—4+0(—,—) . SI 107

() DIt (a2’|a\) ( )

Thus, for the usual exponentially-weighted singlet yield, the low-field structure is broadened
over a field scale of order Aw ~ k. Compare this with the finite-7" average case, for which
the corresponding field scale is of order %; as it will be explicitly derived below, we will
recover the same w > 0 branch and the same jump as for that case — what differs is how
that singular jump gets smoothed at finite observation scale (i.e., the broadening mechanism

is different).

Other features are also the same as in the previous model for the singlet yield curve. Indeed,

for any fixed w # 0,
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lim Ap(A) =0, (SI108)

k—0
and therefore
]IJLQ) K(w)=0. (S1109)
At exactly zero field, however,
K(0) = % <1 + %) , (s1 110)

which reduces to % for £ — 0. Hence, just as for the finite-7T average, the limits £ — 0 and

w — 0 do not commute.

For fixed w > 0, Suppl. Eq. (S| 109) immediately gives

e C (B-20—2)a® +4(1 —a—yw®  (1+2%)a® +4¥w?
Foolw) = ]Lm] Oy (w) = S(@ w7 = S 1 o7 ;o (S11)

This is exactly the same w > 0 branch as in Supplementary Section Sl5.2. Differentiating,

dFyo  (1-20—2y)a*w (2% — D)a’w (S1112)
dw 4(a? + w?)? o 4(a? + w?)? .

Hence F.((w) is globally monotone on |0, oc|, exactly as in the previous case.

At w = 0, the weighted yield is

(5b—4da—48—4y)a®> +8(1 —a—B—y)k? (1428 +2A)a® +4(Z + A)k?

Py (0) = 8(a? + k2) - 8(a? + k?) 7
(SI 113)
so that
P(0) = lim @,(0) = %+ (1= O‘;ﬁ - _{ +228+2A) | (s1 114)
In addition,
F(0) = lim Fog(w) = o—20 =2y 1422 (S1115)

w—0t 8 8
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Subtracting,
F(O)—F((ﬁ):((l_a_i_”_ﬁ):%, (S1116)

which is again proportional to the difference between the initial populations in |S) and |T5).

Therefore, in the strict £ — 0 limit, the usual exponentially-weighted singlet yield leads to

exactly the same criteria as the finite-T average:

A >0 (more |S) than |Ty) initially) = F(0) > F(07), (S1117)
A < 0 (more |Tp) than |S) initially) = F(0) < F(0"), (SI 118)
A =0 (equal initial |S) and |Ty) population) = F(0) = F(0"), (SI 119)

which yield precisely the same classification as before, respectively: zero-field maximum,
hence dip for w > 0; zero-field minimum, hence peak for w > 0; and no singular zero-field

anomaly.

The exponentially-weighted yield also obeys the same scaling logic for the extrema as that

found in Supplementary Section Sl5.4.

Introducing the dimensionless variables:

=Y k= (S 120)
a a
all entries of Table VIII can be written as
O (w) = g(z, k) (S1121)
for some dimensionless function g. Therefore,
d 1 dg
— = - = 1122
dwcpk(w) a Or’ (51122)
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and any interior extremum z, satisfies

99

o =0. (S1123)

(x*zﬂ)

Hence the field location of any nonzero extremum can be written as
k
we = ax.(K) = ax, (—) : (SI 124)

so the hyperfine coupling again sets the overall field scale, while the precise location
depends on the dimensionless ratio k/a. In particular, in the singular limit £ — 0, this

reduces to the same a-scaling statement as for the long-time T' — oo average.

In summary, the finite-k exponentially-weighted singlet yield is not identical to the finite-T
average, because the sinc structure is replaced by a Lorentzian broadening. However, in the
strict limits £ — 0 and T" — oo, both observables yield the same w > 0 branch, the same
singular zero-field anomaly, the same dip/peak criterion, and the same field-scaling law for

extrema.
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SI5.6. Chemistry-based interpretations of the low-field effect

Previous works have often described the low-field effect in terms of symmetry breaking:
lifting the zero-field degeneracy changes which singlet-triplet transfer processes contribute
most strongly to the dynamics. In this picture, the low-field effect reflects a balance between
two competing consequences of an external magnetic field: on the one hand, lifting the
exact triplet degeneracy destroys the special zero-field interference structure and singles
out a leading field-sensitive |S) <> |T,) population transfer term, in addition to terms that
were already present at zero field; on the other hand, Zeeman splitting suppresses mixing at
larger fields by separating |7.) and |T_) in energy from |S) and |T;). The peak or dip in the
singlet-yield curve then corresponds to the field strength at which these competing effects
are optimized. In the chemistry literature, this phenomenon has often been described as
one in which low fields ‘open’ additional singlet-triplet transitions that are absent at zero
field.

Brocklehurst and McLauchlan [6] argued that, at zero field, only transitions that conserve
total angular momentum are allowed. When a magnetic field is applied, however, only
the component of the angular momentum along the field direction is conserved, allowing
transitions that would be forbidden at zero field. For two electrons with a single nuclear
spin—% coupled to one electron, the relevant quantum numbers in this framework are J and
my, where: J = S, + I,,, with S, the total electron spin (O for singlet and 1 for triplet) and I,,
the nuclear spin; and m; the projection of J onto the quantization axis. Triplet states can
have J = % or % whereas singlet states can only have J = % In the absence of an external
field, because both J and m; are conserved, transitions from the J = % component of the
triplet manifold to the singlet state (J = %) are forbidden. Once a field is applied, however,
this symmetry is broken and only m is conserved, thereby enabling some mixing between
J= % triplet states and singlet states.

Timmel et al. [7] expanded on this work and showed, through an eigenbasis decomposition of
the density matrix, that an external field breaks the degeneracy of some eigenstates, making
coherences between them time-dependent and thereby enhancing singlet-triplet mixing at

low fields. Using this approach, a closed-form expression for the singlet yield of singlet-born
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radical pairs was derived, and the size of the low-field effect was shown to depend on the
nuclear spins coupled to each electron. We show in Supplementary Subsection Sl5.7 that

our present results are consistent with those in [7].

There has been discussion in the literature about which states undergo the strongest
alteration in population transfer when a field is applied. Brocklehurst and McLauchlan
argued, based on a vectorial picture of the spin dynamics, that this symmetry breaking
enhances |S) < |T.) transitions. However, Lewis et al. [8] showed that the transitions that
‘open up’ at low field are actually |S) <> |1) transitions, not |S) < |T%) transitions. Their
approach was based on calculations of the spin dynamics in the Hamiltonian eigenbasis and
on the projections of these eigenstates onto the singlet and triplet subspaces. Woodward [21]
takes a different approach, showing that at zero field one can identify a triplet-only eigenstate
that cannot mix with the singlet; in the presence of an applied field this state ceases
to be an eigenstate, resulting in enhanced |S) <« |T;) mixing. Woodward focused on
triplet-born states and calculated product yields for the case in which singlets decay rapidly
into products, while triplets remain coherent indefinitely. We showed in Supplementary
Subsection SI3.9 that our present results are consistent with those in [21]. We agree with the
results of [8] and of [21] in that, at nonzero low fields, population transfer between |S) < |T}),
and not between |S) <+ |T%), is enhanced: there is a completely new term oc & ~ w+ O(w?)

in Im(ps7, (t)) that is absent at exactly w = 0, see Eq. (26).
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SlI5.7. Ourresults are consistent with a previously published result, I11/111

The fourth line of Table VI, describing the exponentially weighted singlet yield for an initially
pure |S) state, is in fact algebraically identical to Eq. (12) in a previously published work [7],

up to notation.

In particular, our kernel A, (\) = 2 is related to their f(z) = = by A(\) = f(A/2), s0

1K2 N2 k2 +a?
the two expressions coincide term by term after this change of variables.

Accordingly, our result also reproduces the limits quoted there: ¢, (w) = g for w = 0 with

a >k, and &y (w) = 2 fora > w > k.

130 of 139



si6. Solution for good magnetometric states: extended discussion

Sl6.1. Suitable magnetometry observables must reflect biological accumulation of chemical

products

The instantaneous signal ||S(¢.w))|” provides a very clean, idealized metrological figure of

merit. Its advantages are: that it corresponds to a well-defined time-resolved readout; that it
has a straightforward binomial noise model; and that one may optimize over the interrogation
time ¢ to exploit coherent transient slopes. Its disadvantage is that it assumes access
to a well-defined readout time, which is unrealistic for an asynchronized or continuously
replenished ensemble of radical pairs in a biological context.

In contrast, both singlet yields considered here, (||S(f.w))[’)r and ®,(w), are more

coarse-grained observables. Their main advantage is robustness: they are less sensitive
to timing jitter and do not require a sharply defined readout instant. Their disadvantages
are: that the averaging generally suppresses oscillatory slope and therefore tends to reduce
sensitivity; and that the simple Bernoulli shot-noise formula of Eq. (58) requires an additional
modeling assumption, namely that these yields can be treated as an effective single-run

probability. We implicitly made that assumption in the main text.

Finally, we hypothesize that, since biological magnetosensing likely depends on the robust

accumulation of chemical products, either singlet yield, (||.5(t,w))|")r or ®;(w), is the best

suited magnetometry signal for our analysis.
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S16.2. The bright-dark picture provides magnetometry insights

The bright-dark state decomposition provides a useful way to interpret which initial states
are favorable for magnetometry in this toy model. A good magnetometric state is not
simply one that is as dark as possible. Although a dark component is useful because it
preserves phase memory by avoiding immediate participation in the oscillatory bright-sector
dynamics, a purely dark state is generally a poor sensor because it does not efficiently
convert field-dependent phase accumulation into a measurable singlet signal. What is
needed instead is a state with both dark and bright character: the dark component stores
the relative phase, while the bright component provides the readout channel. In other
words, we know that the signal is not controlled solely by populations: the field sensitivity
comes from how the field changes the relative phase and interference between bright and
dark pieces; from this perspective, interestingly, the relevant resource for magnetometry
is not dark-state population alone, but field-sensitive bright-dark coherence. This is very
close in spirit to Ramsey interferometry: one component stores phase, another component
enables readout, and sensitivity comes from the phase-dependent interference between
them. The dark-bright basis is therefore not just a mathematical convenience: it identifies

the actual interferometric degree of freedom of the sensor. Three key insights follow.

Firstly, the dark-bright interpretation helps clarify the proper operating regime for sensing
under this toy model. The slope in the denominator of Eq. (53) is taken at the w — 0 limit. In
dark-bright language, zero field is special because the coherence becomes phase-locked
in a way that creates the singular low-field feature, but not a usable linear-response slope
for magnetometry: the relevant singlet observables being even in w, the response slope
vanishes at w = 0. Therefore, practical sensing requires a finite bias field wg, about which

the bright-dark relative phase changes linearly with w, see Eq. (57).

Secondly, the bright-dark picture clarifies why, as will be shown in Supplementary
Section S16.3, the initial states which maximize the denominator of the sensitivity (Egs. (59)
and (60)) are concentrated near the {|S), |7;)} edge of the state space. In the bright-dark
basis, both |S) and |T,) are equal superpositions of bright and dark, differing only in the

sign of the bright-dark coherence. In turn, population in |T) mainly acts as spectator
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weight: it does not help build the useful interferometric channel, and at finite field it is
increasingly trapped by the Zeeman splitting. This is consistent with the fact that the slope
of the magnetometry signal is maximal when the initial population in | 7%.) is minimized, so that
the dynamics remain concentrated in the active {|S), |7,)} manifold. The choice between
|S) and |Ty) is therefore not universal, but depends on the ratio “£ and on the interrogation
time, since these two states have the same bright-dark populations but opposite coherence
sign. Maximizing only the denominator does not guarantee a minimum for the sensitivity;
however, these qualitative arguments suggest that optimal states for magnetometry are not
pure dark states, but rather states that maximize controllable bright-dark interference while

minimizing inactive |7%.) population.

Thirdly, the interrogation time T or lifetime k~! must be long enough for the bright and dark
components to accumulate an appreciable relative phase, but not so long that temporal
averaging suppresses the oscillatory, coherence-sensitive part of the slope, or that the
effective duration of each run imposes too severe a metrological penalty n « v/t. The onset
of useful Earth-field sensitivity is for experimental interrogation times that are on the order
of, or larger than, ~ le — this, at its core, is a reflection both of Nyquist-Shannon’s sampling
theorem, and of the fact that, in order to sense a field of magnitude |B|, an electron spin
must be able to ‘precess enough about the field” before reaction or decoherence limits the
coherent evolution. In the dark-bright picture, this scaling reflects the fact that the dark and
bright pieces need enough time to accumulate an O(1) relative phase. Too short a lifetime or
interrogation time means no appreciable interferometric phase; in turn, too much averaging
washes the coherence-sensitive part of the slope out: the oscillatory, interference-sensitive
pieces are suppressed by the time average itself. For example, the bright-dark coherence

term in the finite-T average singlet yield signal goes as % so its contribution decays as %

Hence, the dark-bright picture suggests concrete magnetometry design principles, which
nature may plausibly have exploited: operate around a bias field for which the bright-dark
relative phase responds approximately linearly; possibly (or sometimes) choose states on
the {|S), |Tv)} edge; and use interrogation windows or lifetimes long enough to accumulate

relative phase, but not so long that temporal averaging suppresses the slope and the time
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cost per shot becomes too large.
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S16.3. Analysis of the sensitivity's numerator and denominator

In the main text, we study the sensitivity for the finite-T average singlet yield, (|[5(,w))|")r.

Before anything, note that, for the bounded signal (/|5 (7. w))|")r < 1, the shot-noise prefactor

is itself bounded:

: (SI125)

N —

VIS we) P (1= ((1S(t.we)) [Pr) <

This bound is useful, but it does not imply that the numerator can be neglected.

Indeed, the numerator of the sensitivity also depends only on ¥ and A, because the yield is
affine in those two variables. Writing the signal generically as S(X,A) = C' + DX + EA, one
finds

1 1\?
8(1—8):1— (S—é) : (S 126)

so the numerator is minimized whenever the yield is driven as far from % as possible, i.e., as
close to 0 or 1 as possible. Since S is linear in (3, A), the quantity S(1 — S) is a concave
quadratic on the allowed (3, A) triangle, and its minimum is therefore attained at one of
the vertices (1,1) (pure initial |S)), (1,—1) (pure initial |75)), or (0,0) (any initial mixture
of |7%.) adding up to the full population weight). Other states such as 50% |7}),50% |S)
cannot minimize the numerator except in accidental degenerate cases. This explains why
the bounded shot-noise numerator can still materially reorder the full sensitivity, even when

the denominator-based criteria that will be presented below suggest clear trends.

Let us analyze when the denominator of the sensitivity is at a maximum. Examining
|(2X — 1)A + AB|, we find that there are two qualitative ways of getting a bad (large) sensitivity
for fixed X and A. If both A and B are small, then all states perform badly. This is what
happens, for example, at very short times: there has not been enough time to accumulate
a field-dependent phase. If the two slope channels cancel, even if A and B are individually
large, the combination |(2X — 1)A + AB| can become small because of destructive
cancellation (or interference). Hence, A and B should not be optimized individually; rather,

their sum should be optimized.
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If 3 and A are allowed to vary, we conclude that initial population within the |7.) manifold
is usually detrimental to the denominator: decreasing X increases the total weight outside
the {|S),|To)} sector and simultaneously reduces the allowed range of A (since |A| < %,
which shrinks the maximum accessible coherence imbalance), thus weakening both slope

contributions.

For a given %, the allowed range for A is —» < A < +33; to maximize the slope, A should be
as large as possible in magnitude, i.e., it should be valued at one of the endpoints A = +3..
These correspond to the two extreme choices within the coherence-active {|5),|Ty)}
manifold: A = +3 (respectively, A = —¥) corresponds to all population starting in |S)
(]76)). Hence, at fixed initial loading 3 within the {|S) ,|T,)} sector, splitting weight between

|S) and |T}) is usually not optimal; one of the two endpoints is.

For the two endpoints, we can rewrite the sensitivity denominator as:

(25 — 1A+ AB| = |25 — 1)A £ X8| ; (S1127)

for improved magnetometry, thus, at fixed %, the choice between a |.S)-born radical pair and
a |Ty)-born radical pair is controlled by the full competition between the population-sector
contribution A and the coherence contribution B. In particular, the preferred endpoint
depends on the sign and relative magnitude of (23 — 1)A and XB, so there is no universal
statement that | S) is always optimal or that |T;) is always optimal. The optimum can therefore
flip with T" or with wg, because both A and B depend on them. This is also consistent with the
fact that, although |S) and |T) are closely related by the Hamiltonian dynamics, the singlet
readout is not invariant under the swap |S) < |T;). Under such a swap, the coherence
contribution changes sign, so both the signal and its slope generally change. More explicitly,
at fixed %, pure |S) gives the larger denominator when ((2X — 1)A)(X¥B) > 0, and pure
|Ty) gives the larger denominator when ((2X — 1)A)(¥B) < 0. If A = 0 or B = 0, the
magnitude of the slope is the same for an initial pure |S) or pure |1;) state. If B ~ 0,
however, the coherence channel becomes ineffective, and the distinction between |S) and

|To) correspondingly weakens.
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Note that, if one seeks to improve the sensitivity solely by maximizing the denominator, an
optimum always lies on the boundary 3 = 1, that is, with no |77.) initial population at all. In
other words, the slope denominator is maximized by putting all the initial population in the

{IS),|Tb)} manifold. The proof is simple:

max (25— 1)A+ AB| = |25~ 1]]4] + 3B (S1128)

which is maximized at ¥ = 1. Other maxima may exist in special cases like B = 0, where

other X values can tie with X = 1.
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S16.4. Derivation of sensitivity for the exponentially-weighted singlet yield as magnetometry

signal

The conclusions here are essentially the same as for the other singlet yield considered in

the main text.

We take the yield ®,(w) for the generic initial spin state «|T.), /|Ty), v|T-),
(1—a—p5—7)]|S) (last line of Table VIII),

_ 2
:g_uﬁm), (S1129)

i(w) 8(k2 1 Q2) 2

and differentiate it:
0Bi(w) (25— Datw A,
o Ao Tl (S1130)

At the operating point w = wg,

Y25 -1)a® A
P == -+ K | 131
and
0Py (w) = (29— )A' +AB', (S1132)
Ow B
where
CLZWE
A=s——, (S1133)
4(k? 4+ Q})
B = %K'(wg | (S1134)

Using t = k! as the effective single-run time, the lifetime-weighted sensitivity is

B \/(I)k(wg)(l — @k(wg))

—1
nek) = Yo an VR (51135)

The analysis of the numerator (which is bound), the denominator |(2X — 1)A’ + AB’|, and

their implications for magnetometry, is identical to that of Supplementary Section S16.3.

138 of 139



In particular, the large-k limit is bad for a clear reason: as k — oo, the recombination is so
fast that the system is effectively read-out before any appreciable spin evolution takes place.

This can be seen from

lim Oy(w) = 22 (S1136)

k—o0 2

which is exactly the initial singlet population. Hence, in the very fast-recombination limit,
the yield just reports the initial singlet content. This is equivalent to saying that the first

derivative of the yield goes to zero if £ — oo, and thus the sensitivity diverges.

The small-k limit is also bad. For fixed honzero wg, when k£ — 0, the weighting becomes very
broad in time, the coherence term K (wg) tends to zero, and the slope contribution from the
population sector A’ approaches a finite limit. Thus, the signal approaches the long-time
branch of the yield, which is fine (and finite!); however, the sensitivity still contains the factor
VE~1, which blows up as k — 0. In other words, at small k, each run takes too long, so even

though the field slope may saturate, the sensitivity worsens.

In summary, lifetime-weighted magnetometry must also work within an optimum k£ range.
This is the lifetime-broadened analog of choosing an optimal interrogation time; like T’
previously, the timescale k! sets the tradeoff between phase accumulation and readout

speed.
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